CONDITIONAL LOWER BOUNDS ON THE DISTRIBUTION OF CENTRAL VALUES:
THE CASE OF MODULAR FORMS
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ABSTRACT. Radziwilt and Soundararajan unveiled a connection between low-lying zeros and cen-
tral values of L-functions, which they instantiated in the case of quadratic twists of an elliptic curve.
This paper addresses the case of the family of modular forms in the level aspect, and proves that the
central values of associated L-functions approximately distribute along a normal law with mean
loglog c(f) and variance (loglog c(f))'/?, where c(f) is the analytic conductor of f, as predicted
by the Keating-Snaith conjecture.

1. INTRODUCTION

In practice, L-functions appear as generating functions encapsulating information about vari-
ous objects, such as Galois representations, elliptic curves, arithmetic functions, modular forms,
Maass forms, etc. Studying L-functions is therefore of utmost importance in number theory at
large. Two of their attached data carry critical information: their zeros, which govern the distri-
butional behavior of underlying objects; and their central values, which are related to invariants
such as the class number of a field extension. We refer to [7] and references therein for further

hindsight.

1.1. Distribution of zeros. The spacings of zeros of families of L-functions are well-understood:
they are distributed according to a universal law, independent of the exact family under consid-
eration, as proven by Rudnick and Sarnak [14]. This recovers the behavior of spacings between
eigenangles of the classical groups of random matrices. However the distribution of low-lying
zeros, i.e. those located near the real axis, attached to reasonable families of L-functions does de-
pend upon the specific setting under consideration. See [15] for a discussion in a general setting.

More precisely, let L(s, f) be an L-function attached to an arithmetic object f. Consider its non-
trivial zeros written in the form py = % + iyr where yy is a priori a complex number. There is
a notion of analytic conductor ¢(f) of f quantifying the number of zeros of L(s, f) in a given
region, viz. letting N(f) be the number of zeros ps such that 0 < Re pr < 1and 0 < Im py < 1
we have N(f) ~ log(c(f))/2m. We renormalize the mean spacing of the zeros to 1 by setting
Vs = log(c(f))ys/2n. Let h be an even Schwartz function on R whose Fourier transform is com-

pactly supported, in particular it admits an analytic continuation to all C. The one-level density
attached to f is defined by

D(f.h) = h(js). (1.1)
Yr
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The analogy with the behavior of small eigenangles of random matrices led Katz and Sarnak to
formulate the so-called density conjecture, claiming the same universality for the types of sym-
metry of families (understood in a reasonable sense, see [15]) of L-functions as those arising for
classical groups of random matrices.

Conjecture 1 (Katz-Sarnak). Let ¥ be a family of L-functions in the sense of Sarnak, and Fx a finite
truncation increasing to & when X grows. Then there is one classical group G among U, SO(even),
SO(odd), O or Sp such that for all even Schwartz function h(x) on R with compactly supported
Fourier transform,

ﬁ Z (f, h) )H—m>‘/IRh(x)Wg(x)dx, (1.2)
fETx

where W (x) is the explicit distribution function modeling the distribution of the eigenangles of the
corresponding group of random matrices, explicitly Wiy(x) = 1 and

1 sin 27rx
WO(x) = 1+ _50 (x)’ VVSO(even) (x) = >
2 27X (1.3)
sin 27x sin 27x '
Wso(odd) (x) = 1= ——— (), Wep(x) = 1-———.

The family F is then said to have the type of symmetry of G.

Various results towards this conjecture have been established in the recent two decades, following
the seminal paper of Iwaniec, Luo and Sarnak [6]; we refer to [15] for a general discussion and
various references.

1.2. Distribution of central values. The distribution of central values of L-functions is also
finely understood, and the Keating-Snaith conjecture predicts that the logarithmic central values
log L(%, f) are asymptotically distributed according to a normal distribution, with explicit mean
and variance depending on the family.

Conjecture 2 (Keating-Snaith). Let ¥ be a reasonable family of L-functions in the sense of Sarnak,
and Fx a finite truncation increasing to & when X grows. There is a mean Mg and a variance Vg
such that for any real numbers a < p,

1 log L(3, f) — Mg 1 —x2/2
@ {f S 7’;( : V;_/Z c (a,ﬂ) X—>—oo> E i e dx. (14)

In particular, the family of the logarithmic central values log L(%, f) equidistributes asymptotically
with respect to a normal distribution.

Remark 1. In the above statement, in the case L(%, f) = 0 its logarithm is understood as —oo.
Conjecturally, the central value is always non-negative, as it can be seen assuming the generalized
Riemann hypothesis and using a continuity argument on the real line. In certain cases, positivity
can be obtained directly by applying Waldspurger’s formula, but it remains unknown in general.



1.3. Relation between both conjectures. Radziwilt and Soundararajan [13] claimed a general
principle that any restricted result towards Conjecture 1, can be refined to show that most such
L-values have the typical distribution predicted by Conjecture 2. They instantiated this technique
in the case of quadratic twists of a given elliptic curve and suggested the wide applicability of this
approach, in particular in the case of modular forms building on the pioneering work of Iwaniec,
Luo and Sarnak [6]. This paper shows that this principle indeed holds and provides the proof in
the case of modular forms in the level aspect.

More precisely, for integers k > 2 and g > 1, let Hx(q) be an orthogonal basis of primitive Hecke
eigenforms, which is a basis of the space of newforms 5'*¥(q), normalized so that their first

Fourier coefficients are ap(1) = 1. We let ¢(f) = k?q be the analytic conductor [7] of f. Introduce
for a general sequence (af)fep () the harmonic average

h F(k -1)
ar = (1.5)
f%}(q) T )kt fe; I

which includes the suitable weights in order to apply the Petersson trace formula. In this setting,
the seminal work of Iwaniec, Luo and Sarnak [6] as well as the recent achievement of Baluyot,
Chandee and Li [1] obtain the following restricted statement towards Conjecture 1.

Theorem 1 (Iwaniec, Luo, Sarnak & Baluyot, Chandee, Li). For any smooth function ¥ compactly
supported and any Schwartz function h such that its Fourier transform h is supported in (-4, 4), we
Z D(f, h) = / Woh = h(0) + h(O) (1.6)

have
(Q); ( )feH (9)

where Wo = 1+ %50 is the orthogonal density and N (Q) is the weighted cardinality of the family,

NQ) =) ¥ ( )Z L (L7)

g>1 feH(q)

Building on this result and exploiting the methodology outlined by Radziwilt and Soundararajan,
we prove the following statement towards Conjecture 2.

Theorem 2. For any q > 1 and k > 2, let Hi(q) be an orthogonal basis of primitive Hecke
eigenforms of level q, weight k and trivial nebentypus, which is also a basis of the space of new-
forms S}V (q), normalized so that their first Fourier coefficients are ar(1) = 1. Assume the general-

ized Riemann hypothesis for the symmetric squares L-functions L(s, sym?f).

For any smooth function ¥ compactly supported and for any real numbers a < 5, we have

v (9

This result is in phase with Conjecture 2 with Mz = —% loglogc(f) and V¢ = loglogc(f). Note
that [13] mentions the analogous result in the weight aspect on average, for the full modular

group.

IogL(%,f)+%loglogc(f) 5 1

{fer(CI) : N € (a,ﬁ)} L

b
e 2dx + o(1).
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Remark 2. In the case of a modular form with sign ¢ = —1 in the functional equation, its asso-
ciated central L-value trivially vanish, so that in such a case there is no hope to obtain a lower
bound with a constant 1 towards the Keating-Snaith conjecture (which hides such issues in the
notion of "reasonable" family). Using the sieving technique from [6], it is possible to isolate the
modular forms having positive sign in the functional equation, and the methods presented here
would yield a constant 13/16.

1.4. Strategy of proof and structure of the paper. In Section 2 we recall the needed defini-
tions on modular forms and L-functions. In particular, explicit formulas relate central values of
L-functions to sums of modular coefficients over primes,

ar(p) 1
log L(1, f) ~ ;;c 7z

so that the claimed mean is already appearing and most of the study reduces to understanding
the distribution of the above sums over primes, denoted P(f, x), as well as the error in the above
approximation, which can be expressed as a sum over zeros of L-functions. In order to study the
distribution of the sums over primes P(f, x), we appeal to the moment method and examine the
behavior of their powers P(f, x). Regrouping equal primes together, this leads to consider sums
of the form

loglog x, (1.8)

2 ar(p)™ -~ ar(pe)™ (1.9)
Pt p?l o 'pff ’
Pi#Fpj

where the p; are prime numbers and the «; are positive integers. The study of these sums con-
stitutes the heart of the paper and requires to finely understand sums of Fourier coefficients of
modular forms. In Section 3, the contribution of the terms corresponding to a; = 2 is shown to be
the dominant term, and to match the corresponding moment of the normal distribution i.e. the
main term in Theorem 3. We inductively reduce the study of the other sums of the form (1.9) to
the case where the only powers arising are «; = 1; these are then inductively shown to contribute
as an error term by using the harmonic average and trace formulas, a strategy implemented in
Section 4. Section 5 concludes the proof by showing that the extra terms arising in the explicit
formula, in the guise of sum over zeros, are negligible except for a small proportion of modular
forms. This is the place where limited results towards the distribution of low-lying zeros are used,
and is the origin of the loss in Theorem 2 compared to the Keating-Snaith conjecture.

Remark 3. Radziwill and Soundararajan [13] outline a general strategy to prove such results.
However, in their specific case of quadratic twists of elliptic curves, they rely on the Poisson
summation formula to estimate character sums, as well as the complete multiplicativity os char-
acters. These tools are however not as neat in the case of modular coefficients, and it requires
the inductive use of Hecke relations instead of multiplicativity, and of trace formulas instead of
Poisson summation formula.

2. ODDS AND ENDS

2.1. Modular L-functions. We start recalling the needed theory of modular forms, referring
to [8] for a detailed account. Let Sx(gq) be the space of holomorphic cusp forms of weight k,



level g and trivial nebentypus. A cusp form f € Si(q) has an attached L-function defined by

— ar(n)
L(s, f) = , 2.1
6N=2,"5 (2.)
where the ar(n) are its Fourier coefficients, defined by the Fourier expansion
f@) =) ap(mn* e (nz). (2.2)

nz1
The modular forms are arithmetically normalized, i.e. we assume that af(l) = 1. In this nor-
malization, Deligne’s bound states that a(n) <« d(n) < nf, where d(n) denotes the divisor
function. In particular, the Dirichlet series (2.1) converges for all Re(s) > 1. The degree two
L-function L(s, f) can be completed by explicit gamma factors [5, Section 5.11] so that we have
the functional equation

A(s, f) = (‘/6_1) T(s+ LI (s+BL(s, f) = efA(1 = s, f), (2.3)

where &7 € {+1} is the root number of f.

If f € Sk(q) is an eigenfunction of all the Hecke operators T, for (n,q) = 1, we say that f is a
Hecke eigenform. If it moreover lies in the orthogonal complement of the space of the oldforms,
i.e. those of the form f(z) = g(dz) for a certain g € Si(q/d) where d | g, then we say that f
is a newform, case in which it is an eigenform for the Hecke operators T, for all n > 1. Let
Hy(q) C Sk(q) be an orthogonal basis of the space of newforms consisting of Hecke eigenforms f.
For f € Hi(q), we have the Euler product

Ls ) =] [a-appp™+p™) " = [A-arp)p™) (1= Brp)p™ ™, (24)
p p

where the product is over prime numbers p, and af(p), fr(p) € C are called the spectral param-
eters of f at p. This expression encapsulates the Hecke relations satisfied by the coefficients. By
taking the logarithmic derivative of this expression, we obtain

! A
SAOEDY fn() (253)

n>1

where A¢(n) = (af(p)k + ﬂf(p)k) log(p) if n = p is a prime power, and Af(n) = 0 otherwise.

We assume the generalized Riemann hypothesis for the symmetric squares L-functions L(s, sym?f)
all along the paper.

2.2. Explicit formula for sums over zeros. We have the celebrated Weil explicit formula,
proven for instance in [6, (4.11)], relating sum over zeros of L-functions and sum over primes
of their spectral parameters. For any smooth function h with compact Fourier support, we have

—~ 1
DU =50~ 25 D D terte i) SR (e 258 ) +o () o

p vl

Using the relations between coefficients and spectral parameters when p 1 ¢, and the Deligne
bounds on af(n), we obtain that the terms v > 3 contribute as an error, so that we deduce as
in [6, Lemma 4.1] the following expansion of the one-level density.



Proposition 1 (Explicit formula for sums over zeros). We have

quo:Em)+ymm+P“Rﬁhyf#”qng+o(9%§§%ﬁ), (2.7)
where, forv > 1, we let
pv logp ( vlogp )
V1= Toge (f)Z Vo \oge(ry) @8)

where the sum runs over prime numbers p not dividing q.

Remark 4. The stated result from [6, Lemma 4.1] display the contribution of the squares of primes,
i.e. the term P (£, h). This term can be included in the error term under the generalized Riemann
hypothesis of L(s, sym?f) that we assume for other — but similar — purposes, see [6, (4.23)].

2.3. Explicit formula for central values. The connection between central values of L-functions,
sums over primes and sums over zeros dates back to Selberg, and can be found in [13, Proposi-
tion 1] in the case of quadratic Dirichlet characters. The proof carries on mutatis mutandis.

Proposition 2 (Explicit formula for central values). Assume thatL(%, f) is nonzero. We have, for

all x < c(f),

logL(%,f) =P(f,x) — %loglogx + O( log C(f) Z log(1 + (yrlogx)~ 2)) (2.9)
where we defined the sum over primes
ar(p)
P@M:wa. (2.10)
p<x p
P1q

Note that the term —3 log log x is the expected mean of the logarithmic central values as predicted
by Conjecture 2 and stated in Theorem 2. This property reduces the study of central L-values to
the study of their distribution around the mean, which is governed by the above sum over primes
(studied in Theorem 3) and by the sum over zeros in the error term, which will be addressed in
Section 5.

2.4. Trace formulas. We introduce in this section quasi-orthogonality statements which will
be central to understand harmonic averages of coefficients. Recall that we denote Hy(q) an or-
thogonal basis of Hecke newforms of level g and introduce B (q) an orthogonal basis of all Hecke
eigenforms of level q.

2.4.1. Petersson trace formula. Consider the averages

Ay(m,n) = Zh ar(m)as(n). (2.11)

feBi(q@)

We then have the following quasi-orthogonality statement [6, Proposition 2.1].



Proposition 3 (Petersson trace formula). Form,n,q > 1, we have

Ag(m,n) = 6(m,n) + 2mik Z S(m.n, C)]k_l (47T\C/%) (2.12)

c
cz1
qle

where §(m, n) is the Kronecker delta symbol, Ji._, is the J-Bessel function of order k—1, and S(m, n, c)
is the GL(2) Kloosterman sum, defined by

S(m,n,c) = Z e(am:—dn)’ (2.13)

ac(Z/cz)*

where a denotes the inverse of a in (Z/cZ)*.

Define the average of coefficients over the newforms,

A;(m, n) := Zh ar(m)ag(n). (2.14)

feHk(q)

We have the following sieving result that relates averages over Bi(q) and over Hi(q), in other
words allowing to sieve oldforms in, see [1, Lemma 2.3].

Lemma 1. Suppose that m,n,q are positive integers with (mn,q) = 1, and let ¢ = q1q2 where q; is
the largest factor of q satisfying p | g1 < p? | q for all primes p. Then we have

* _ p(LyLz) o1 Ag(me?, n)

Mmm = Y, M) [ gyt 5 Balmn) 215)
q=L1L.d pILt elL
Ly|gqs p*d
Lalgqz

Remark 5. Note that, because of the Mobius function p(L;L;), we necessarily have (Ly, d) = 1 and
(e, d) = 1, which will be of much use later.

2.4.2. Kuznetsov trace formula. The spectral theory of automorphic forms is explained in various
references such as [5, Chapter 15]. We introduce the notations from [1, Lemma 3.1] to describe
the three types of elements of the spectrum.

(Modular forms) Let B,;(q) be an orthogonal basis of the space of holomorphic cusp forms
of weight ¢ and level g, which dimension is denoted 6,(q). We can write f;, for the ele-
ments of B;(q) and introduce their Fourier coeflicients through the Fourier expansion

fie(z) = Z Vie(n) (47n)%e(nz). (2.16)
nxz1

We say that f is a Hecke eigenform if it is an eigenfunction of all the Hecke operators T,
for (n,q) = 1.
(Maass forms) Let A; = 411 + sz. be the eigenvalues of the hyperbolic Laplacian counted with
multiplicities and in increasing order, in the space of cusp forms on L?(I(q)\H). By con-
vention, choose the sign of x; such that x; > 0 when 4; > % and ix; > 0 when 4; < %. For
each positive 1;, choose a corresponding eigenvector u; in such a way that the family (u;);



forms an orthonormal system, and define the associated Fourier coefficients p;(m) by the
Fourier expansion

ui(2) = 3" pj(m)Wou, (47nly)e(mx), (217)
m#0

where Wy ;; (y) := (y/7)?K;,(y/2) is a Whittaker function, and Kj; is the modified Bessel
function of the second kind. We call u a Hecke eigenform if it is an eigenfunction of all
the Hecke operators T, for (n, q) = 1, and we then denote by A,(n) the Hecke eigenvalue
of u for T,,. Writing p,(n) as the Fourier coefficient, we have 1,(n)p,(1) = vnp,(n) when
(n,q) = 1. When u is a newform, this holds for all n # 0 instead.
(Einsenstein series) Let ¢ be a cusp for I)(g). We define ¢.(m,t) to be the m-th Fourier
coefficient of the real-analytic Eisenstein series at 3 + it, i.e. by the Fourier expansion

1, 1
E (z, % +it) = Semooy2 ™ + (0, 1) y2 7 + Z @c(m, t)Wy ;1 (4r|nly)e(mx). (2.18)
m#0

Proposition 4 (Kuznetsov trace formula). For ¢ : (0, 00) — C a smooth and compactly supported
function, and m,n,q > 1, we have

Z S(m,cn, c)¢(4mc/%) = Z (1 = 1)'Wmn ;. (m) ;0 (n) p(£) (2.19)
e <5<
p;(m)p;(n)ymn
¥ Z]: cosh 7k 9+ (k) (2.20)

. 1 o Nmn _

s @c(m, t)pc(n, 1) (1)dt, (2.21)
T cosh t

where the Bessel transforms are defined as by

L N ¢
o) = [ (O = )90 222)
(o=t [ oo 229)

where ] is the J-Bessel function of the first kind.

3. MOMENTS

By the explicit formula (2.9), a critical quantity to understand in order to control the distribution
of the central values is the sums over primes P(f, x), and this will be investigated by means of
the moment method as in [13]. The following result is the fundamental tool to understand their
distribution, and is an analogue of [9, Theorem 3.1].

Theorem 3 (Moment property). We have, for all£ > 0,

@ Z ¥ (%) Zh P(fs X)f = (M, + o(l))(loglog(x))r/z (3.1)

g>1 feHk(q)



where we introduced the ¢-th Gaussian moment
[ / ¢ _x2/2d f'
Var 202(¢/2)
Remark 6. On average over the family, Theorem 3 states that moments of P(f, x), i.e. essentially

the moments of log L(%, )+ % loglog x by the explicit formula (2.9), match the moments of the
normal distribution, hence justifying the shape of Conjecture 2 and of Theorem 2.

(3.2)

The remaining of this section as well as the following one constitute the proof of this result and
of two corollaries.

3.1. Sums over primes of coefficients. We follow the strategy of [13, Proposition 3] using the
tools developed in [9, Proposition 4.1], adapting it to the specific sum over primes P(f, x) arising
in the explicit formula. After expanding the power P(f,x)’ in

o 53] X e o

q>1 feHk(q)
we are reduced to study sums of the type

(p) (Pe)
N(Q)Z ( )Z > " a;f f G4

q>1 feHr(q) p1s-PISX
pitq
PiFpj

Inspired by the above expression of the expanded moment, we are led to decompose the summa-
tion by gathering primes that are equal. Introduce the notation, for any integer & > 1 and prime
number p,

F(p,a) = %. (3.5)

We state in this section some first estimates for the sums over primes of such powers of coeffi-
cients. Informally, the sum for powers a = 1 will be studied using the Perron formula and bounds
on L-functions, the contribution of the sum for powers a = 2 will display a precise equivalent by
means of the Rankin-Selberg method and will determine the effective distribution in Theorem 2,
and the sum for higher powers « > 3 will contribute negligibly.

Lemma 2 (Large parts). We have, for all « > 3, and uniformly on f € Hi(q),

ZF(p, ) < 1. (3.6)
psx
piq
Proof. Using Deligne’s bound af(p) < 2, the result follows since it reduces to the sum of p32
which converges absolutely. m]
Lemma 3 (2-parts). We have
Z F(p,2) < loglog(x), (3.7)
psx
piq

where the implied constant is absolute.



Proof. The bound (3.7) is immediate by Deligne’s bound as(p) < 2 and using Mertens’ estimate

1
— < loglog(x).
Zp glog

psx
O
Lemma 4 (1-parts). We have, foralln > 1 and all x < q,
> ﬂF(pl-, 1) < log(q)"™". (3.8)
P1oePnSX i=1
pitq
Pi#pj
Proof. The result [9, Lemma 2.12] reads
a
D (b (p) = M) < log(x)™** log(q) (3.9)
psx P
piq

and by partial summation, we therefore deduce

ar(p) by(p) ) 1
E § b( 1 “5 1 e (3.10
Z DI/ Z logp (P << og(q) plogp og(g)™ (3.10)
p*q

psx psx|p'<p psx

p1q pla p'tq p1q
giving the desired result for n = 1. We finish the proof inductively for n > 1, adding back the
missing primes in order to get a genuine product, which incur an extra contribution of negligible
size by the two above lemmas, since it is made of higher powers. ]

Remark 7. The proof of [9, Lemma 2.12] boils down to using the Perron formula to relate the
sought sum to L’/L, on which we have bounds that are enough for the result. Note that these
"rough" bounds on the 1-parts and 2-parts will not be sufficient to bound the whole sum over the
family, since the expected main term in Theorem 3 is of size log log x while the above bounds are
about log x and log log x. The harmonic average (in the guise of trace formulas) or finer properties
of L-functions will have to be fully exploited in order to get enough cancellations. These bounds
will however be sufficient to address number of cases and remains fundamental in the proofs.

The next paragraphs of this section are devoted to prove finer estimates for the 2-parts (see Propo-
sition 5) and to prepare the stage to estimating the 1-parts.

3.2. A Rankin bound. We need a finer and genuine asymptotics for the 2-part, since it will
ultimately contribute as the main term. We have the following statement, which is the standard
Rankin bound with emphasis on the unformity of the error term in the function f — and where
we use the generalized Riemann hypothesis.

Proposition 5. For all f € Hi(q), for all x < c¢(f) < Q, and assuming that L(s, sym*f) has no
zeros in the rectangle {z : o0y < Re(z) < 1, |Im(z) — t| < 3}, we have

2
Z M = loglog x + O(logloglog c(f)), (3.11)

p<x

riq

10



where the implied constant is absolute.

The remaining of Section 3.2 is dedicated to the proof of this result.

We start adding back the missing primes and use Deligne’s bound A(p) < 1 to control the in-
curred error. We need the following estimate.

Lemma 5. For all x < q, we have

1
> ;< log log log g, (3.12)

psx
rlq

forx <q.

Proof. Let w(q) be the number of distinct prime divisors of ¢, and write the prime factorization
of gas q = p{'py’ - -pZ", where each p, is a prime factor of q ordered so that p; < p, < -+ < px
and k = w(q). Then

k
logg = Z anlog p, > klog2 = (log2)w(q) (3.13)
n=1
so that w(q) < loggq. Since p, < nlogn by a classical estimate dating back to Chebyshev — we
more precisely know that p, ~ n (logn + loglogn — 1) by Dusart [3] — we deduce

Polg) < ©(g)logw(g) < log(q) loglog(q). (3.14)
We therefore deduce
1 @(q) 1
D= < > = ~loglog(pug) < logloglog(q) (3.15)
p<x P n=1 Pn
plq
by Mertens estimate on the sum over reciprocals of primes. O

The problem therefore reduces to estimating

Ap)? N AP
; . ;C = (3.16)
piq

We use the Hecke relation A(p)? = A(p?) + 1, and use Mertens estimate

Zl = loglog x + O(1). (3.17)

p<x

with an absolute error term. Therefore at a cost log log x, which will remain as the main term in
Theorem 2, we are reduced to study

ZLP)Z WZLPZ). (3.18)

p<x p p<x p

We follow here the same strategy of [9, Lemma 2.11]. We start by a bound on L-functions.

11



Lemma 6. Lets = o+it witho > 3 and|t| < 3c¢(f). Let oy € (1/2,0). Suppose L(s, f) has no zeros
in the rectangle {z : oy < Re(z) < 1, |Im(z) — t| < 3} (in particular this is true for all 6y > 1/2
under the Generalized Riemann Hypothesis). Then we have, uniformly in f,

logc(f).

O — Op

logL(s, f) < (3.19)

Proof. For o > 2, then we have log L(s, f) < 1 uniformly in f, by Deligne’s bound ar(n) < 1
and by absolute convergence.

Assume o < 2 and follow the strategy of Granville-Soundararajan [4]; they prove the analogous
result for Dirichlet L-functions, but the result is general as used for instance in [2]. Consider
circles of center 2 + it and radii r := 2 — o, so that they pass through s. On the larger circle of
radius R := 2 — oy, we have for all z on the circle,

L(z, ) < c(f)lz] < c(f)% (3.20)

This follows from convexity bounds [16, Lemma 6.7 and Theorem 6.8], which states that L-values
in the critical strip are bounded by L(z, f) < (|z|?c(f)?)'7 for all ¢ € (0, 1), uniformly in f. We
get the claimed bound, for o € (1/2, 1), the worst case being o = 1/2.

For s in the rectangle {z : o0y < Re(z) < 1, |Im(z) — t| < 3}, we use the Borel-Carathéodory
theorem to obtain

1 1
|log L(s, f)] < max RelogL(z,f)+R+r|10gL(2+it,f)| < ogc(f) +

R — r |z—(2+ir)|=R R-r o — 0y o — 0y

which is as desired. O

Assuming strong zero-free regions, typically implied by the generalized Riemann hypothesis, we
can approximate L-functions by short sums of coefficients, with an error term depending on the
chosen length. The following lemma makes it precise.

Lemma 7. Lets = o+it witho > 1/2 and |t| < 2c¢(f). Lety > 2 areal parameter and oy € (1/2,0).
Suppose there are no zeros of L(z, f) in the rectangle {z : 0y < Re(z) < 1, |Im(z) —t| < y + 3}.
Let o1 = min(%(o + 09), 00 + 1/log(y)). We then have

A(mag(n) oz e

3.21
nslogn (01 — 09p)? (3.21)

log L(s, f) = Z

n=2

where the implied constant is independent of f.

Proof. By the truncated Perron formula given in [11, Corollary 5.3] or [10, Example 4.4.15], we
can express the above short sum by a vertical integral of the L-function. Forc =1 -0+ 1/logy,
since L(s, f) is entire, we have

L y” LAMman) (1 e
py - logL(s+w,f)de nZ;‘ s Togn (y;nm'bg(y/n”) (3.22)
y
_ Z A(n)as(n) 0y logy). 625

nslogn

12



We can on the other hand move the integration line from Re = ¢ to Re = 07 — 0 < 0. We exactly
assumed that there are no zero in the rectangle thus crossed, i.e. we bump into no singularities,
except w = 0 where there is a simple pole with residue log L(s, f). The remaining integrals after
picking up this L-value are three segments of the form

/ log L(s + w, f)%dw, (3.24)

on the segments [c+iy, 01 —o+iy] and [0y —o+iy]. By the previous Lemma 6 and the assumptions
on Re(w) > 0y — o, these integrals are bounded by

1 W 1
< / ogef) y* w < oge(f) a9 (3.25)
oc+Re(w) -0y w (01 — 09)?
This recovers [2, Lemma 4.3] — unproven there — and ends the proof of the lemma. m]

We can now instantiate that with suitable choices of variables to obtained the desired bound:

Lemma8. Letn > 2(logc(f))™!. Assumethat L(s, ) has no zeros in the rectangleRe(s) € [1-n, 1]
and |Im(s)| < loglo/”c(f) — this is for instance true with any 0 < n < 1/2 when assuming the
Generalized Riemann Hypothesis. Then

log L(s, f) < logloglogc(f) (3.26)
uniformly forRe(s) > 1 —1/log, c(f) and |Im(s)| < log™ c(f).
Proof. Apply the above with 6y =1 -1, 0 =Re(s) > 1—-1/log,c(f),and 0 — 0y > 0 — 01 > n/2.

Choose the value y = log'/"c(f). Use Deligne’s bounds |Ar(p%)| < logp to remove higher
powers of primes in the sum, corresponding to a bounded contribution, and get

10/n
Y\ A(p)ag(p) e V)
| log L(S,f)l < Zz W + O(l) < Zz Im < IOg log IOg C(f) (327)
p: p:
This is the claimed result. O

We obtain Proposition 5 by using this lemma at s = 1 and Perron formula in order to relate the
sum of coefficients to L(1,sym?f). By averaging Proposition 5 over the family, we obtain the
following estimate for the 2-parts.

Corollary 1. Assume the Generalized Riemann Hypothesis for L(s, sym?*f). For all Q° < x < Q,

we have
1 h
WQ)ZT (%) Z ZF(p, 2) = loglog x + O(logloglog x) (3.28)
q>1 feH(q) PTx
p1q

where the implied constant is absolute.
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3.3. Case splitting and reduction to powers one. Recalling the definition of F(p, a), the ex-
pression (3.4) splits into sums of the type

N(Q)Z ( )Z Z HF(P”O‘I) (3.29)

¢>1 feHi(q) pro-pe<x =1
pitq
Pi#pj
so that it is sufficient to study these. We split into different cases according to the number of
conspiring primes (i.e. the size of the powers ¢;), and use the lemmas established in Section 3.1

to treat each part. Define the following cases:

Case A — each power ¢; is 2;

Case B — each power is at least 2, at least one is larger;
Case C — at least one power is 1, but not all;

Case D — each power is 1.

To prove Theorem 3, we proceed by induction on the number of terms ¢ in the product. The
remainder of Section 3.3 is dedicated to treating the cases A, B and C or to reduce them to case D,
which will be addressed in Section 4.

Case A: each power is 2. By the estimate of Lemma 1, we have

2
Y Ep2=) GP) _1oelog(x) + O(logloglog c(f)). (3.30)
psx psx p
P1q 1q

which corresponds to the situation £ = 1 in Case A.

Let £ > 1 and assume inductively that forall = 1,2,..., ¢, we have

N(Q) PR ( ) ey ﬂ F(p;, 2) = (loglog(x))' + o((loglog(x))). ~ (3.31)
g>1 feHk(q) prs-mprsx =1
pitq
Pi#pj
We will prove the corresponding property for £ + 1. Adding back the missing primes in order to
complete one of the sums over the primes p = py41, we get

r+1
Z [ [Fpn2) = Z ]_[F(pz, 2) Y. F(p2)
cuPrr1SX =1 Py p[SXl 1 psx
Mq pi’fq rla
PiFpj PiFpj pEP:, ISIsE
s
( > HF(p,, z))(ZF@ 2)) - f( > [ ]Ees z))(ZHp, 4)). (332)
P1o-upesx i=1 psx coPeSX i=2 psx
p/fq ptq pi)fq g
PiFpj Pi#pj

By Lemma 2, the sum including F(p, 4) in (3.32) is uniformly bounded, so that the rightmost term
in (3.32) falls into the induction hypothesis and is bounded by (loglog(x))! = o(loglog(x))*!.
In the left term of (3.32), we average over the family and use Hélder inequality as in [9], as well

14



)f+1

as induction to conclude it is equivalent to loglog(x)*", proving the case for £ + 1 and finishing

the proof by induction. Thus

N(Q)Z ( )Z Z HF(P1,2)~(loglog(X))[ (3.33)

=1 feH(q) P1s--sPrarsx i=1
pitq
piipj

for any ¢ € N* by induction.

Case B: each power is at least 2, at least one being larger than 2. By Lemma 2, we have

Z F(p,a) = O(1) (3.34)

psx
P1q

whenever a > 3, the underlying constant being absolute. Equation (3.34) immediately implies
that this holds on average over the family, in particular

N(Q) Z ( ) Zh ZF(P» a) = o (loglog(x)) .

q>1 feH(q) psx
g
Let £ > 1 and assume inductively that foralll = 1,2,..., ¢, we have
> ﬂ F(p;, ;) = o((loglog(x))"), (3.35)
ProeupisSx i=1
pitq
Pi#p;j
where ; > 2 foralli = 1,2,...,1, and there is at least one j € {1,2,...,[} such that a; > 3. We
address the case of £+ 1 factors. Reordering such that at least one j € {1,2,..., £} satisfies a; > 3,
and adding the missing primes in order to complete the sum over primes p,.;1, we can write
r+1
Z l—[ F(pz» a’z) - Z l_[ F(pu 051 Z F(p{’+1, 0[[+1)’
PlseesPe+1SX =1 Pl DesXx i=1 Pe+1SX
pitq Pi)(q per1tq )
Pi#Fpj PiFpj Per1#Epi, ISISE
¢
= ( Z HF(PI', ai))( Z F(Pf+1,0€f+1)) (3.36)
Proeupesx i=1 Per1SXx
pitq per11q
Pi#’j

- Z ( Z rl F(pi, 0‘1))( Z F(per1, aesr + am) |, (3.37)

csPm=1Pm+15--Pe<X =1 Pre1<x
P;:( i#m per11q
piFpj

Examining (3.37), since ay41 + a;, > 3, we can use the bound given by Lemma 2 to conclude that
the corresponding sum is uniformly bounded; the induction hypothesis therefore applies (a; > 3)
to the other factor in (3.37) and allows to conclude. Examining (3.36), since ay4; > 2, we have
that the sum over py; is uniformly bounded by log log x by Lemma 3; the induction hypothesis

15



therefore applies to the first factor in (3.36) and allows to conclude that the whole expression is
o(loglog(x)*!). This concludes the induction for Case B, and we have

N(Q) Z ( ) Z Z HF(Pu a;) = o ((loglog(x)) )

q>1 fEeHk(q) P1se-Pesx =1
pifq
piFp;j

for any ¢ € N*.

Case C: at least one power is 1, but not all. We now reduce Case C to Case D appealing to induction.
Let £ > 2. We assume inductively that, for all | = 2,..., ¢ such that at least one power a; > 2, we

have
o DD [Trtna
g>1 feH(q) p1o--mp1<x i=1
]
l o (3.38)
(loglog(x))™
N(Q) Z Z Z HFU’” )
g>1 fEHk(Q) PPy <X i=1
pitq
pPiFpj
where nj .= #{j = 1,2,...,1 | aj = 1} and we ordered the a;’s sothat &y =y = --- =, = 1
and ap;41, Unyp42, - - -, 1 > 2. Adding the missing primes to complete the sum over p;,;, we have
£+1
Z l—[ F(Pz, 0-'1) - Z l_[ F(pz: al Z F(Pt’+1, 0[{’+1)
ProenpPerisSx =1 Pr,.., Pesx i=1 Pey1SXx
pitq Pi)(q pre1tq )
PiFpj PiFDj Pes1#pi, ISISE
¢
= ( Z l_[F(Pi: Ofi))( Z F(Pf+1,05[+1)) (3.39)
P1seuPesSX i=1 Pey1SXx
pitq Pre1tq
Pi#p;

4 ¢
B Z ( Z l_l F(pi, ai )( Z F(pre1, aps1 + am) (3.40)
p1 =1

m=1 seesPm—1Pmt 15 PeSX 1 ; Pry1SXx
pifq pe+11q
PiFpj

The sum of F(py+1, @r+1) in (3.39) is uniformly dominated by log log(x) by Lemma 3 since a4 > 2.
The sum of F(pg+1, p41 + @) in (3.40) is uniformly bounded by Lemma 2 since ap4q + apm, > 3.
The multiple sums of F(p;, ;) in (3.39) and (3.40) either contain a term @; > 2, in which case we
appeal to the induction hypothesis, or only contain terms «; = 1, which is Case D. This completes
the induction reducing Case C to Case D.

4. CASE D AND CONSEQUENCES

The above sections reduced the proof of Theorem 3 to the proof of case D, where each power
is a; = 1. We treat this case and deduce important consequences from this result.
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4.1. First moment of coefficients. This case is the most difficult and requires to make use of
the harmonic sum over the family, i.e. trace formulas. We have to prove the following bound on
the 1-parts to prove they contribute as an error term:

Proposition 6. Forall ¢ > 1, we have

N(Q)Z ( )Z Z HF(PIJ)—0((10g10g(X))[/2) (4.1)

q>1 fEeHk(q) P1se-pesx =1
pitq
Pi#p;

The proof uses different mechanics than [13] for quadratic twists of elliptic curves, since they
instead use Poisson summation formula for the sum of characters, since they have complete mul-
tiplicativity. We closely follow the strategy of [ 1], who proved the analogous result with different
weights for a single prime, and apply induction as in [9]. The rest of this section is dedicated to
the proof of this result.

Using Hecke multiplicativity for modular coefficients, we rewrite ag(p1) - - - ag(pe) = ar(p1 -+ pe)
since the primes are different. We are therefore reduced to study the sum

a(p1 P)
2= g Y ( )Z 2 i (42

9>1 feH(q) Pro-sPesx

pitq

Pi#pj
The harmonic sum has to be exploited by means of trace formulas. However, trace formulas, viz.
the Petersson trace formula here, can be used for sums over all the modular forms of a given
weight and level, not only over newforms as in (4.1). It is therefore necessary to add back the
missing oldforms in the sum. Using Lemma 1to do so and swapping summations in (4.1), we
obtain

(L1Ls) - Aa(e?,p1---pr)
s (8, 5w 5 e [ e

=1 pr<x ¢=L1L>d pILs oLy
P’#’J Lilq: p2d
pi'fq L2|q2

We truncate the summations over L;, L, and over e. Consider the tail of the sum, for L;L, > Lo,
and use the trivial estimate given in Lemma 4 to bound the tail of ¥ by (using that N(Q) < Q by
standard dimension formulas)

IR S DR 03

Q LlLZ >L0 (3|LzOo fEBk(q) p1,-- pt’éx
1 L LL 1 t+1
< ogQ Z TL(LZ)\P( 1 2d)< ogQ Z log(0) <« 28 g(Q) (4.4)
Q q<Q/L, 12 Q Q g<Q/Lq

so that we get an error term of constant size for any Ly > log(Q)*'. We can bound roughly the

sum for L;L; < Ly but e > E and get an error of constant size so long as E is not less than a power
of log(Q). We therefore can restrict the sums from now on to these ranges L;L; < Ly and e < E
for E a certain power of log(Q), as in [1]. As in the above sections, we can add the sum over
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primes dividing the level, i.e. p; | g, at a cost log log log g, therefore getting a saving even without
exploiting the summation over the family. We are therefore reduced to deal with ¥ = ¥, + O(1)
where

= H(L1Ly) om0 Aa(€ i pe)
. N(Q)Z ( )Z Wq—Lled LiL, l_[(l P Z e - (45

g>1 Pi#pj plL e|Ly
LiLy<Lo p*rd e<E

Lilq1

Lalgqz

We now perform a more precise arithmetic parametrization of the summation, following [1].
Recalling that g = L;L,d, we replace the conditions L; | ¢; by L; | d, (Lp,d) = 1,and d = Lym as
in [1, Remark following Lemma 2.3]. This in particular implies

1_[(1 —2)1 l_[(l —2)1 1—[ ,U(”) (4.6)

1L plL r|(L1,m)
pid

We therefore have ¢ = L?L,m where (m, L;) = 1, and write m = rn since r | m. We altogether
have

p(L1Ly)
2y = (4.7)
N(Q); ( )p; VP1-- qzém LiL,
LiLy<Ly
(Llran)—l
xrl(l ) ]—[ ll(r)ZAd(e P1e Pt’) (4.8)
p1lL1 r|(Ly,rn) e|lLy
e<E

By Petersson trace formula from Proposition 3, noting that e? # p; - - - p, since the primes are
assumed to be all different, we get

4 2p o
pe) = 2 kZ S(e?, p1- - pes cLlrn)]k_1 ( v e‘p; p[) .

cLirn cLirn

Ad(eza Pl

c>1

Using Mébius inversion to detect the condition (Ly, n) = 1, we can rephrase 3, as

2mi” ll(Lle) —2n-1
= N(Q)Z () 2 [ [a-p" ZW pfz_

q>1 LiLy<Ly p|L ..... |Lc>o
(Ll LZ) 1 P1¢P] e<E
% Z Z Z (d) Z p(r) S(e®, py -+ pe, clenr)\P (Lngnrd)] arJeZp - pe
c>1 n>1d|L, 7 cLinrd Q k=1 cLinrd '

Noting m := cLidnr = 0 modulo cL,rd, we get that the sum over n is

Z S(e%, py - ~pg,m)f(47r\/62p1 o 'Pt’)

(4.9)
m=0(cL,dr) m m
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where we introduced

f&) =

Ji-1(8). (4.10)

271'\/62171 .. 'p[Lle
cQ&

Smoothly dyadically cut the sums over p; into blocks of size p; < P;, inputing a smooth partition
of unity V such that >, V(p;/P;) = 1 for alli € {1, ..., ¢}. We then recognize the function as

f(§)=H(§,p

L )Jk—l(f), (4.11)

1°°Pr

where

477.'L1L2\/p1 . 'p[62
cQ '

We can then follow mutatis mutandis the proof of [1, Lemma 6.1] to deduce from the smoothness
and the compact support of ¥ that the R2-Fourier transform of H is rapidly decaying, viz.

H(u,0) <4 ((1+u])(1+ o)) ™4, (4.13)

H(& M) ::np(%(\ﬁ) with X = (4.12)

for all A > 1, by repeatedly integrating by parts. By Fourier inversion, we therefore have

(&) = Jk- 1(§)W( )/ H(u,0)e(ué +vk)dudo. (4.14)

Inserting it in the above expression for ¥,, we get

5, = IZVF(IQ) Z .U(Lle) H(l )" 12 p(r) Z‘u(d) Z (4.15)

(Ly,Lp)=1 plLy r|Ly d|L, P;,dyadic
LiLy<Ly
H(u 0) ( ) e (v—) S(u, p1---pe)dudo,  (4.16)
e<E

where we let

S(u,p) = Z S(ez,p, cLirdn) h, (471 pez) (4.17)

e cLirdn cLirdn

with h, (x) = W (x/X) Jk-1(x)e(ux) where W is a plateau function taking value 1 on the effective
range of summation. This expression S(u, p) exactly appears as an arithmetic side of a Kuznetsov
trace formula, with the new level cL;rd. By the Kuznetsov trace formula from Proposition 4, the
innermost sums can be rephrased as

) ]_[ = (c—) (%) [D(c, p,u) +Ce, pu) + H (e, p, )], (4.18)

cz1l p; i=1

where p = p; - - - pp and D, C and H stand for the discrete, continuous and holomorphic contri-
butions from the spectral side respectively. Recall that they are explicitly defined by

(o2 )
D(e.p,u) = Z a;(e*)a;(p)\pe?

cosh 7k

h+(Kj), (4-19)
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1 vpe* _
Cle,p,u) = — § / P e (e, D)o (p, t)hy ()dt, (4.20)
= Jr cosh it

1 —
Hepu) = o > (= 0Npe? (e (p)hu(0), (4.21)
1<j<5¢7>(gL1,rd)
where the precise notations are as in Section 2.4.2.

Proposition 7. With the above notations, we have

;;—e( B)v (%)@(c,p,u)<<Q€(1+|u|)2(1+|v|)zg, (4.22)
Z; e(o2) v (2)serw < Q€(1+|u|)2(1+|vl)zg (4.23)
lez %e (”%) v (%) Clepou) < Q°(1+[ul)*(1+ o)) (g +P1/4+f) . (4.24)

We obtain the analogue statement for the product by an immediate induction. The spectral aspect
of the computations are exactly as in [1] where they are extensively treated, and we therefore
afford not to give all the details. The main point to import the computations therein is that the
quantities only differ by logarithmic factors, while the bound ultimately obtained for ¥, displays
a power savings in Q, see [ 1, End of Section 6]. Since P < ¢(f) < Q, Proposition 7 indeed implies
Proposition 6.

We explain how to bound the discrete and holomorphic parts first, following [1, Proposition
6.2]. The discrete contribution (the holomorphic one is analogous, and easier since we have the
Deligne bound) displays sums that are

>3 lp) oenv (5) = X 3 S8kt PP o) v () 29

c>1

We start bounding this innermost p-sum:

Lemma 9. We have

D @‘)T’I'fp)e (F) v (5) < Ups(0l + Ior(D) (eLird)* log(P)*(1+ o), (4:26)
p

where f is a suitable oldform below f, see [1].

Proof. By Mellin inversion applied to eV, we have

S PI (§)= g S (B) [ e e

p
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where W (x) = W,(x) = e(vx)V (x). We have that W, (it) < ((1+ |o])/(1 + |¢]))4 by integrating
by parts. Swapping the summation and integration, we therefore get

— PSW()Z “OINP o). (4.28)

2T 1/2+1t

By the "trivial bound" on the power one terms from Lemma 4, we have that

Z aj (P)\/_

T o (£) < loj(1) Tog(eLird) 1og(X)* + los (D (cLard)* (4.29)

< (Ipj(DI+ |pr (DD (cLird)" (1 + [t])" log(P)". (4.30)

Therefore, applying the decay of W (s) written above with A = 2 to ensure the convergence of
the vertical integral, we get that the whole sum over p is indeed

dt

2

< (lpj(DI+1pr (1) (cLird)*(1 + Jo]) /(O) Txpee (4.31)
and the vertical integral converges, giving the claimed result. O

Back to the whole discrete contribution, and inputing the above bound, we get that

_ epj(e’) VP aj (p) (op\ (P
D(C’p’u)_; ; cosh 7k i ])Z (P)V(P) (4:32)
1+|logX
< Z min(X ™1, X7V2) (cLydr)¢ log(P)*(1 + |v|)zel+€% (4.33)
c21
D|(|p; (D] + |ps(1 F \©
lepf( NUpi (D +1pr(1)]) (434)
cosh 7k 1+k;

J
where we used the bound on h, given in [1], with in particular F < (1+|u|)(1+4xL;L;VPe?/cQ),

as well as the bound ep;(e?) < e'*¢| pr(1)] on the coefficients. We can now sum the spectral part
depending on the position of the spectral parameter x; with respect to F:

Z|Pf(1)|(|Pj(1)|+|Pf(1)|)( F )C<< Z lpi(DI? 1+Z lpi(DI* 1 ( F )2“.

cosh 7k 1+k; cosh x; F17¢ cosh rxj F17¢ \ 1 + |k
|Kj|<F |Kj|>F

The first sum is bounded by a spectral large sieve. We can then finish the proof as in [1], mutatis
mutandis. It would remain to bound the continuous spectrum, we can do it as in [1] following
exactly the same lines, inputing the induction as in [9], and just changing the "trivial bound"
from [9, Lemma 2.12] to the "trivial bound" from Lemma 4. This ends the proof of Theorem 3. O

J

4.2. Moment method and distribution. As in [13], this essentially allows to say that the
P(f, x), hence the central values, mimicks the behavior of a normal distribution, in phase with
the Keating-Snaith Conjecture 2. We encapsulate in the following statement the distributional
consequence of this moment method:
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Corollary 2. We have, for all sequence (by) rem(q);
h h
2, br=M@p o) Y by (435)

feH (@) feHk(q)

P(f.x)//loglogxe(a.p)

where

;
M(a, B) ‘:\/%7, / e 2dx. (4.36)

Proof. Asymptotically, Theorem 3 proved that the ¢-th moment of P(f, x)/+/loglog x behaves as
the £-th moment of the normal distribution, i.e. when x grows to infinity,

14
q h | P(f,x) 0 —x2)2 q h
Z\y(—) > (— bp~ [ xfePax Y w2 | Y by (4.37)
&1 \Qply \Vloglogx R = Qg
so we deduce that, for any polynomial R € R[X],
q h P(f,x) 3?2 q h
Z‘I’(_) Z R( b~ | R(x)e™ deqf L Z br (4.38)
#1 \Qsditly \Viogyx ® 1 \Qpdny

and, by approximating the characteristic function 1, g) in L'-norm by a polynomial R, we deduce
that (inputting the smooth sum over levels and the weighted sum of f € Hi(q) in the summation
over %)

P(f, x))
be= (s b (4.39)
fEZFQ ! erG;Q ol (Vlogzx d

P(f.x)/\/loglogxe(a,p)
~ /R 1(ap) (x)e ™ 2dx Z br = M(a, f) Z br (4.40)

feFo feFo
as claimed. O

This result, along with the above treatment of the other powers «, finish the proof of Theorem 3.

4.3. Uncorrelation lemma. A similar result has to be available when weighted by one-level
densities, analogously to the central result [13, Proposition 3, second part]:

Corollary 3 (Weighted moments property). Assume the generalized Riemann hypothesis for the
symmatric squares L-functions L(, sym?f). We have, for all smooth function h with compactly sup-
ported Fourier transform, and all £ > 1,

—N(IQ)ZT(%) S P(f 0D, ) = (Mr +0(1)) loglog (x)) /R Wb aan

g>1 feH(q)

This proposition means that we can decouple the one-level density statement and the moment
property, both exploiting trace formulas. In other words, one-level densities and sums over coef-
ficients are uncorrelated.
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Proof. We have to deal with the sum

1 a) ¢
N(Q)Z\y(g) Z P(f,%)'D(f, h) (4.42)

q>1 feHi(q)

The innermost one-level density is understood by Proposition 1 and can be written as

D(f, h) = h(0) + 1h(0) + PO (f, h) +o(k’lg;%g") (4.43)
as proven for instance in [6, (4.25)], consequence of the generalized Riemann Hypothesis for
L(s, sym?f), and where the implied constant only depends upon the test-function h. Note that we
have ﬁ(0)+%h(0) = f hWo, the limiting one-level density. The constant part in this expression can
therefore be pulled out of the sum, since independent of f and g, and the Theorem 3 is therefore
applicable as it stands, giving a contribution of

(M, + 0(1)) (log log x)*/? / Woh. (4.44)
R

The error term contributes negligibly to the whole sum over the family. The remaining contri-
bution is of the form

1 Z (q ) h e p(1)
— Yy(L Z P(f.x)'PY(Ff, h) (4.45)
N(©Q) ¢>1 Q feH(q)
which, by applying the Cauchy-Schwarz inequality, is bounded by
1/2 1/2
1 Z (CI) h 20 1 q b 2
— M yg|L Z P(f, x) —Z\y L Z PO 2| . (4.46)
N(Q) q>1 Q feHi(q) N q>1 Q feHk(q)

By Theorem 3, the first parenthesis is bounded by (loglog(x))’, so that its square root has similar
size as the expected main term. The statement [9, Proposition 4.1] bounds the second parenthesis
by O(1/log Q) = o(1), proving that the whole contribution coming from PV ( £, h) is negligible,
as claimed. m]

5. PrRooF oF THEOREM 2

The above tools being now at hand, we follow the strategy presented in [13] in the case of qua-
dratic twists of an elliptic curve. We show that there are not many small zeros by an amplifi-
cation process, which will be used to prove that the sum over zeros in the explicit formula (2.9)
contributes as an error term. The moment method will then allow to select the values for which
we are in the desired range, giving the result.

5.1. Amplification of small zeros. The following result, analogue of [13, Lemma 1], uses The-
orem 3 to quantify the proportion of f € Hi(q) such that P(f, x) falls into a specific range; and
Corollary 3 to jointly quantify the proportion of f € Hi(q) having not too many small zeros.
Introduce the notation x = X'/10810glogX for this section.
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Proposition 8. The smooth averaged number of f € Hi(q) such that P(f,x)/+/loglogx € (a, p)
and such that there are no zeros with |y| < (log X log log X)7! is at least

M(e HIN(Q), (5.1)

where M(a, B) is the normal distribution, as defined in (4.36).

Proof. Choose for h the explicit Féjer kernel up to the maximal Fourier support L = 4 allowed by
the low-lying zero result given in Theorem 1.6, i.e.

ho(y) = max(1 - |y, 0), (5.2)

. 2
sin Tx )

ho(X) = (

which has Fourier transform supported in (-1, 1), and h(x) = ho(4x) so that fl(y) = 71;};0 (x/4) is
compactly supported in (—4,4). Let H = D(f, h) to lighten notation for the duration of the proof.

We get from Corollary 2:
> HY (%) ~M(a.p) Y HY (%) , (5.3)

feH(q) feHk(q)

P(f.x)//loglog xe(a,p)

and, by Corollary 3, we get
3

> H\P(i)~/woh > ‘P(i):z > ‘P(i), (5.4)

feHi(q) Q R g @ Q

because
3
[ wotwhtay = 65)
by the explicit choice of h, which is allowed to have Fourier support in (—4,4). See [6] for the
proof of the optimality of this function in such a setting.

We use the similar amplification argument as in [13] approach. Rewrite the above sum as

> H¥= ) H¥+ ) HY (5.6)

(@.f) (@f) (@f)
3 i

using ¢ = (log X loglog X)~! and the following notation:

_ q
(Z’;) HY = , ;( )qu 0 | M0y loghogreapy (5.7)
a, €k (q
_ q
(Z’;) HY = , ;( )qu 0 | M0 loghogre(apy (5.8)
a, €
3 3 |y;|<qt’
_ 9
(Z,;) HY _f;( )H‘If 5 Ly oETE T () (5.9)
a, €k (q
i i |)/f|<t7
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The weights h(yy) are non-negative, since the function h we chose is non-negative. If L(s, f)
has a zero yy of size at most ¢, then jy is at most loglog(X)~", and its conjugate is also a zero of
the same size. Choosing a continuous function h such that h(0) = 1, when x grows to infinity,
both h(jr) and h():/f) are at least 1 — ¢, for any given ¢ > 0. In particular H = D(f,h) > 2—¢and
we can therefore write

DIHY =Y HY+ ) HY> (2-¢) ) W+ Y HY=(2-¢) ) ¥+ ) (H-2+8)¥, (5.10)

(h) (ap) (p) (@p  (@p @ (P
3 A 3 A A
so that we get
DHY- Y (H-2+40¥>(2-¢) ) ¥. (5.11)
(ah) «p (ap)

On the other hand, the above consequences of the moment method and of the limiting one-
level density results allow to estimate the sums over all forms with restrictions on P(f, x). More
precisely, Corollary 2 implies

Z ¥ ~ M(a, B) Z ¥ (5.12)
(a.f) feHi(q)
and Corollary 3 states that
3
Z HY ~ _ M(a. p) Z '3 (5.13)
(a.p) feHr(q)

We thus derive from (5.11) that

ZM(a,,B) S ow- Y H-2+0¥> @-oOM@p Y ¥+o). (514

f€H(q) (O%ﬁ) feH(q)
Since 0 < h < 1, we get
5
2-0) ) ¥> > (2-H-e)¥> TM(@ B) +o(1), (5.15)
(a.p) (a.p)
? ?
from where we obtain a lower bound for the smoothed quantity of f € Hy(q) having zeros of
size at most ¢, viz.
Z ¥ (1) > (3 - e)M(a, B) Z ¥ (1), (5.16)
(a.p) Q f€H(q) Q
3
for all £ > 0, as wanted. O

Remark 8. The constant 5/8 is exactly the one appearing in Theorem 2, and this is where we see
that the quality of the results towards the density conjecture, i.e. the width of the allowed Fourier
support, conditions the quality of this lower bound. Note that this gives the same value as the
method in [6] to obtain lower bounds for nonvanishing, as anticipated by [13].
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5.2. Few zeros contributing a lot. The following result quantifies how rare are the f € Hi(q)
such that the contribution from the sum over zeros in the explicit formula (2.9) is large.

Proposition 9. The number of f € Hi(q) such that
log(1+ (yrlog x)7%) > (logloglog(X))® (5.17)
lyf|>(log X loglog X)~!
is asymptotically dominated by X /logloglog X.

Proof. The same proof as in [13, Lemma 2] holds mutatis mutandis. ]

5.3. Conclusion. This closely follows the argument of [13], now that all the corresponding es-
timates have been established. We write it here for the sake of completeness. Recall from Propo-
sition 2, with x = ¢(f), that

log L(1, f) = P(f, %) — Lloglog(x) + O Zlog(l + (yrlogx)™) |. (5.18)
Yf

By Proposition 8, we may select f’s such that P(f, x)/+/loglog X € (a, ) and that there are no

small zeros, without loosing at most a proposition of % of the whole family, i.e.

Z 1> 3M(a, IN(Q). (5.19)
feH(q)

P(f.x)/+/loglogxe(a,p)

Alysl<(log X loglog X) ™

By Proposition 9, we may remove f’s such that the sum over zeros larger than (log X log log X) !
contributes more than log loglog(X)?, since they are asymptotically a negligible cardinality, and
the other ones do not contribute that much.

The proportion of f such that P(c(f), f)/+/loglogc(f) fallsinto (e, f) is therefore asymptotically
larger than gM (a, p) as claimed in the theorem, henceforth ending the proof of Theorem 2.
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