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ABSTRACT. We discuss the relation between statistics on low-lying zeros of L-functions and
distribution of the associated central values. More precisely, we deduce explicit conditional
lower bounds toward the Keating-Snaith conjecture (on the distribution of central values of
families of L-functions) from partial results toward the Rudnick-Sarnak density conjecture
(on the one-level density for the low-lying zeros of these L-functions). We show in fact
that the same crucial ingredient occurs in the classical approaches for proving both results,
providing the connection. We precisely determine the relation between the type of symmetry
of the family, the allowed Fourier support in its distributional statement, and the quality of
the lower bounds obtained.

This paper is the general pendant of [?] (for quadratic twists of elliptic curves) and [?]
(for modular forms), proving analogous results in the setting of the Selberg class. It takes
for granted properties of L-functions that are expected but out of reach or very difficult to
prove in specific cases, in order to emphasize the general and robust ideas behind the proofs,
as announced in [?].

1. INTRODUCTION

1.1. Families of L-functions. Objects of very different nature have attached L-functions
each of which can be seen as a generating function L(s), with a corresponding conductor ¢(L)
representing its complexity. This comprises the cases of sequences of integers, Dirichlet
characters, number fields, Galois representations, elliptic curves, abelian varieties, geodesics
on hyperbolic surfaces, etc. as explained in [?]. The functoriality principle postulates that all
these L-functions arise as automorphic L-functions attached to automorphic representations
on general linear groups GL(n).

We consider the very general framework of families F of L-functions in the sense of Sar-
nak: geometric families of automorphic L-functions, families of Artin L-functions, universal
families of L-functions of automorphic representations on GL(n), or other families arising
from these under number theoretic constraints, functorial transfers, spectral restrictions or
algebraic constructions. See [?] for a more precise discussion. The family F is generally
infinite but we assume it can be truncated to a finite family Fx when restricted to those
elements of size ¢(L) < X, for any X > 0. Such families include all classical families such as
Dirichlet characters with bounded conductor, elliptic curves of bounded rank, automorphic
representations with prescribed ramification, modular forms with bounded weight or level,
Maass forms with bounded eigenvalue, Rankin-Selberg L-functions, etc. All the properties
effectively needed for L-functions in the family will be detailed in Section 2.

Date: May 12, 2026.
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1.2. Distribution of zeros and the density conjecture. The zeros of an L-function L(s)
carry important information about the underlying arithmetical object. Obtaining precise
information about their distribution, of which the Grand Riemann Hypothesis is the typical
expectation, has striking consequences, see [?, pp. 712-713].

The spacings of zeros of families of L-functions are well-understood; they are distributed
along a universal law, independent of the exact family at hand, as proven by Rudnick and
Sarnak [?]. This recovers the behavior of spacings between eigenangles of the classical groups
of random matrices. It can however be expected that distribution of low-lying zeros attached
to every reasonable family of L-functions also behaves as the analogous distribution of the
small eigenangles of the classical groups of random matrices, and this depends upon the
specific setting under consideration, providing non-trivial information about the objects.
This gives rise to the notion of type of symmetry of a family.

More precisely, let L(s) be an L-function (see Section 2). Consider its nontrivial zeros
written in the form

1

p=5+in, (1.1)

where 7 is a priori a complex number. We renormalize the mean spacing of the zeros to 1
by setting

. log c(L

V=0 ( )7. (1.2)
T

Let ¢ be an even Schwartz function on R whose Fourier transform is compactly supported,

in particular it admits an analytic continuation to all C. The one-level density attached to L
is defined by

D(L,¢) = ¢(7), (1.3)

where the summation runs over the (imaginary parts of the) zeros of L(s). A wide literature
has been published concerning the statistical behavior of low-lying zeros of families of L-
functions, see [?] for a summary of various results or Table 3 below. The analogy with the
behavior or small eigenangles of random matrices led Katz and Sarnak [?] to formulate the
so-called density conjecture, claiming the same universality for the types of symmetry of
families of L-functions as those arising for classical groups of random matrices.

Conjecture 1 (Katz-Sarnak). Let F be a family of L-functions, and Fx a finite truncation
increasing to F when X grows. Then for all even Schwartz function ¢ on R with compactly
supported Fourier transform, there is one classical group G among U, SO(even), SO(odd),
O or Sp such that

—— > D(L,¢) — [ ¢(x)Wa(x)de, (1.4)
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where Wg(z) is the explicit density function modeling the distribution of the eigenangles of
the corresponding group of random matrices. More precisely, for all x € R,

Wy(z) =1, (1.5)
Wo(x) =1+ %50(95), (1.6)
Ws0(even) () = 1 + Si;j;m (1.7)
Ws0(oda)(z) =1 — sigj;m + %50(55), (1.8)
W) =1 - 220 (19

where 0y is the Dirac distribution at 0. The family F is then said to have the type of
symmetry G.

Remark 1. For families of L-functions associated to algebraic varieties over function fields,
the type of symmetry is determined by the monodromy of the family, shedding light on the
reason why zeros of L-functions are governed by groups of random matrices, see [?]. No such
analogue is known for number fields, and no case of Conjecture 1 has been proven yet, even
though restricted versions exist in various cases (see Table 3).

1.3. Distribution of central values and the Keating-Snaith conjecture. The values
of the L-functions at special points are also of considerable importance, and appear to carry a
lot of information, see [?]. For instance, in the automorphic forms setting, the non-vanishing
at the central point of the L-function attached to a Rankin-Selberg product m; X 75 is conjec-
tured to be related to the non-vanishing of automorphic periods of arithmetic significance,
see [?]. With a geometric flavor, given an elliptic curve, the Birch and Swinnerton-Dyer
conjecture relates the order of vanishing of its associated L-function at the central point to
the rank of that elliptic curve. One example coming from algebraic number theory states
that special values of the L-function attached to some characters are related to important
invariants of the underlying field extension, by means of the class number formula. The
study of the distribution of such values is therefore of natural significance.

The Keating-Snaith conjecture [?] predicts that the logarithmic central values log L(3)
are asymptotically distributed according to a normal distribution, with explicit mean and
variance depending on the family.

Conjecture 2 (Keating-Snaith). Let F be a family of L-functions of type of symmetry
SO(even) or Sp, and Fx a finite truncation increasing to F when X grows. Then there
exists Mr, and Vg, such that, for any positive real numbers a < f3,

log L(l) - M.FX
DN e o))

| Fx]|

S L
—z</2
—_— — e dx, 1.10
X —o0 \/27‘('/0; ( )

when X grows to infinity. In other words, the family of the logarithms of the central val-
ues log L(%) equidistributes asymptotically with respect to a normal distribution with mean
My, and variance Vg, .

{fGJT"X .
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When L(3) vanishes or is negative, then log L(3) is considered to be —oco so that the con-
dition in the above set is not satisfied and the corresponding L-function does not contribute
to the proportion.

The only unconditional instance of such a result is the equidistribution of the family of
log [¢(3 + it)| when t varies, as proven by Selberg (unpublished but stated for general L-
functions in [?, Theorem 2|, we refer the reader to the proof given in [?, Theorem 6.1] and
[?], recently extended to more general cases [?] and also in a weighted version [?]. Note that
in the vertical aspect, i.e. for vertical shifts L(3 + it) of a given L-function L(s) satisfying
similar hypotheses to our class of L-functions defined in Section 2, Bombieri and Hejhal
[?7] proved that Conjecture 2 holds under the Generalized Riemann Hypothesis and strong
zero-density results.

2. L-FUNCTIONS

We introduce in this section a general class of L-functions, in the spirit of the Selberg class
in line with [?]. To lighten notation, we denote the growing family by F instead of Fx and
write |F| — oo to mean X — oco. We denote ¢(F) the maximum of the conductors ¢(L) for
Le F.

2.1. Definition of L-functions. An L-function L(s) is a Dirichlet series of the form

Lis)=Y" ar(n) (2.1)

nS

n=1

for certain coefficients ar(n) € R called the coefficients of the L-function. The assumption
that the coefficients are real is not important for the method, and general complex coefficients
could be taken as the cost of putting conjugate in the orthogonality relations (Hypothesis 2)
and using the complex rather than real distribution in Proposition 3, as in [?]. We impose
this condition only to simplify the presentation.

We assume that this Dirichlet series converges (locally uniformly) on the right-half plane
R(s) > 1; it is then holomorphic on this half-plane. We assume that this L-function admits
an Euler product representation of the form

H H(1 —ari(p)p~)" (2.2)

p =1

when R(s) > 1, where the outer product runs over primes, the ay ;(p) are complex numbers
called the spectral parameters of L(s), and d € N is called the degree of the L-function. The
Euler product (2.2) in particular implies that the coefficients are multiplicative, i.e. that
ar(nm) = ag(n)ar(m) if n and m are coprime integers. We introduce the log-derivative

2(3) - _ Z Ar(n) where Az(n) = {Z?:l ari(p)Flogp if n = pF, (2.3)

L ns 0 otherwise.
n>1
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We moreover assume that there is an Archimedean factor
d

vu(s) = q; [T Aras + pis) (2.4)

i=1

where ¢y, is an integer, A\;; > 0 and R(up ;) > 0, such that the completed L-function defined
by AL(s) := 7vL(s)L(s) admits a meromorphic continuation to the whole complex plane, with
a finite number of poles, all on the line R(s) = 1, and satisfies the functional equation

Er(s) = erée(l —s) (2.5)

where £, (s) = €.(5) and e is a complex number of modulus one called the sign of the
functional equation. The integer qp, is called the arithmetic conductor of L, and we define
the analytic conductor of L by

d

o(L) = qu [ J(1 + lnes

=1

) (2.6)

which encapsulates the complexity of L(s). We introduce in the remaining of this section
further properties of L-functions that are much expected, but out of reach or only partially
known in some specific settings.

2.2. Bound on coefficients. We need bounds on the spectral parameters and on the coef-
ficients of the L-functions.

Hypothesis 1 (Ramanujan conjecture). We assume that for each prime p we have the
bound, for alle >0 and all 1 <1 < d,

lari(p)| < p° (2.7)

The implied constant does not depend on p or on L.
This assumption has a strong interpretation in terms of the underlying object (e.g. for
automorphic L-functions, it essentially states that the underlying automorphic representa-

tion is tempered). We can derive from (2.7) that ar(n) < n°. We in particular deduce the
following Rankin-type estimate:

Z Z i (p)? < X' (2.8)

p<X i=1

2.3. Orthogonality in p. We assume the following Selberg orthogonality conjecture.

Hypothesis 2 (Orthogonality in p). We have, for all X > 1 and two L-functions L and M
n F,

Z axplawp) _ dr=mnrloglog X + O(1), (2.9)

p<X p

for a certain constant nr > 0, and where d;—p; is the characteristic function of L = M.
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Note that assuming such an orthogonality relation implies in particular that the L-
functions are primitive in the sense of Selberg, i.e. that they do not have any nontrivial
common factors. We omit the precise definitions of these terminologies since Hypothesis 2
already includes the properties required in our method. We refer the readers to [?], for
instance, for further details.

2.4. Hecke relations. We assume a certain relation between the spectral parameters and
the coefficients of L-functions, which can equivalently be phrased as the existence of an Euler
product representation with a specific shape.

Hypothesis 3 (Hecke relations). There exist constants vz and v; such that, for all L € F,
d

Z ari(p)? = aL(p®) + mar(p) + V. (2.10)
i=1

By identification of terms between the Dirichlet series and the Euler product expression of
L(s), we have that the sum of the oy ;(p) is the coeflicient ay(p). The strength of the above
hypothesis is that it assumes that vz and v, are constants depending only on F, but not on
L € F. The term ~vx is the critical “constant term” contributing to the type of symmetry
of the family and to the mean of the logarithms of central values (see Theorem 1). This
assumption is made for simplicity and does not hold in every family: it suffices in practice
to ensure that it is true on average over the family, since all the results stated in this paper
are on average, but this choice has been made for ease of exposition.

2.5. Orthogonality in F. We assume the following orthogonality relation in F:

Hypothesis 4 (Orthogonality in F). There ezists v > 0 such that, for all n > 2,
1
7 > ar(n)ar(m) = G + O(|F|7). (2.11)

LeF

The above hypothesis quantifies the fact that there are oscillations in the coefficients ar(n)
when it is not trivial (which we consider here to be the n = 1 case only for simplicity, but
in practice it may occur for other small set of exceptional values, e.g. n being a square
when a is a quadratic character, etc.), and that there are compensations incurring a power
saving compared to the main term in (2.11). It stems in practice from trace formulas, such
as Poisson summation formula for characters, Petersson trace formula for modular forms,
etc.

From the above orthogonality statement, we deduce a mean value theorem, analogous to
(7, Lemma 4].

Corollary 1 (Mean value theorem). For all x < |F|"/>=¢ for a certain ¢ > 0, we have
1 1
71 2 <Z aL(n)) (Z aL(m)) 17 > D au(n)’ +o(l). (2.12)
LeF \n<z m<x LEF n<z

This result, and its iterations, will be useful to study moments of sums of coefficients, as
will be critical below.
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2.6. Off-diagonal contributions. Our method requires to finely understand averages of
coefficients over L € F and over primes p simultaneously. While the orthogonality assump-
tion of Hypothesis 4 controls such averages when the summation over primes p is small
enough, we need to explain the behavior of longer sums of coefficients. This is the content
of the following assumption.

Hypothesis 5 (Beyond orthogonality). There exists § > 0 such that, for a compactly sup-
ported function ¢ with support in (—0,0), we have

ar(p klogp logp  Jo(1) if k=2,
Z Z pk/2 (logc(}")) loge(F) {H¢ +o(l) ifk=1, (2.13)

Le]—' p

where Hy is a continuous linear functional in ¢, which can be written as Hy = f hro for a
certain function hyr. We have Hy, =0 if 6 < 1.

The mixed orthogonality relation (in L and p) is assumed for a single 6 > 0, and this
corresponds to the restriction toward the density conjecture as always displayed in existing
results. Applying the hypothesis for 6§ <1, we deduce

|f| ZZ 1/2 = o(1), (2.14)

LeF p

Z Z aL(p = o(1), (2.15)

Le]-' P

where w(p) is any bounded function in p truncating the summation to p < ¢(L). However,
when the summation over p is very long (compared to the family), viz. § > 1, the sum may
get too large; this is why we require the more precise assumption above. The discrepancy Hyg
is fundamental since it may occur in practice and it does contribute to the type of symmetry
of certain families, see for instance [?, Section §].

We also deduce from the Hecke relations in Hypothesis 3 and from the orthogonality
statement in Hypothesis 5 the following asymptotic estimate:

)+ (p) 1
‘].“| Z Z plogp |_7:| Z Z a(p naLp ‘i"Y]—‘Z; ~ v loglogx, (2.16)

LeF p<z LeF p<z p<z

for all z > 2, since the average over coefficients ar(p) and ar(p?) is negligible by (2.14)
and (2.15). This can be seen as a Rankin-Selberg statement on average; for instance it is
known for modular forms as in [?, (4.3)] without averaging.

2.7. Main result. Under the assumptions of Section 2, we deduce partial results toward
both Conjectures 1 and 2. We remark that the proof of both statements in our main theorem
below, rely on the same techniques (and indeed, all the assumptions of Section 2 are made
so that these techniques work), but the statement on low-lying zeros is used to prove the
statement on central values, hence shedding light on the statement made in [?] that results
on low-lying zeros lead to results on central values. Explaining these connections is the main
purpose of this paper.

Theorem 1. Let F be a family of L-functions as defined in Section 2, and assume the
Generalized Riemann Hypothesis. Then
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(1) (Low-lying zeros) For every Schwartz function ¢ such that 5 is compactly supported
in (—9,9), we have
1

¥l (2.17)

ZD(L,¢) —>/R¢(x)W;(x)dx,

LeF

where Wr =1 — %7;50 + hr and oy represents the Dirac mass at 0. Moreover, the
proportion of L € F such that L(L) does not vanish is at least n(F,d), which only
depends on the type of symmetry of F and the value of §. Values of n(F,d) are given
in Table 1.

(2) (Central values) For the same proportion n(F,d) €

L  Jog L(3) — Mr }' WF0) [ o
|F|erf' 7S | Eo= /ae o

where Mz = yrnzloglog ¢(F) and Ve = \/nzloglog c(F).

[0,1], we have

(2.18)

Any e, e =1

Types 5<1‘ 0>1 ‘(5:00 o<1 0>1 ‘5200
0 T_1] L_1 T [3_1] 3_1 3

2 5 2 5 2 DY) DY) 1

SO(even) || 5 — 3 |1 — 2+ 55 1 d_Lll—3+ 1
SO(odd) || 5 — 3 — 0 s_ LI L L
s -4 T [ 1 [ h] 1o |

U 1—3| 1—3% 1 |1-5 T 1

TABLE 1. Description of n(F,d), emphasizing cases where ¢, =1 for all L € F

Such a result has been recently obtained by Radziwilt and Soundararajan [?] in the case
of quadratic twists of an elliptic curve. Their achievement inspired this work and the ideas
and methods are ultimately already present in their article. The driving force of the present
paper is to explain the interaction between low-lying zeros and distribution of central values,
which benefits from the lights of a general framework. It has to be emphasized, as also noted
in [?], that it is the same density n(F,d) that occurs in the non-vanishing result and in the
lower bound toward Conjecture 2.

Note that the proportion in Conjecture 2 is always expected to be upper-bounded by the
conjectured limit, as mentioned in [?], so that Theorem 1 provides complementary informa-
tion on the lower bounds.

Remark 2. In the case of families where all the signs are known to be e, = 1, the arguments
can be improved to obtain better bounds as in [?] or [?], justifying that the cases are written
separately — see Section 4. In the case of unitary, symplectic or even orthogonal types of
symmetry when the signs are always ¢, = 1, then n(F,d) tends to 1 as § grows, hence the
density conjecture implies the expected lower bound of the distribution conjecture. However,
in the case of the odd orthogonal type of symmetry, where the signs are never 1, all the central
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values vanish at 3 and therefore even § = oo cannot give better than 7(F,o0) = 0. The two
cases of orthogonal or odd orthogonal type of symmetry are not expected to allow ¢, = 1
for all L-functions, so that the apparent excessive density they incur is not contradictory.

Remark 3. This result may lead to trivial results, i.e. n(F,d) = 0, when the support ¢ is too
small, even when it is an explicit positive constant. A non-trivial lower bound toward the
distribution of central values is obtained when the support limit ¢ is larger than a minimal
value d,,;, given by the following table.

Omin
Types of symmetry | Any e | =1
0 2 | 2/3
SO(even) 1+ g 2/3
SO(odd) o | 2/3
Sp 2/3 | 2/5
U 1| 12

TABLE 2. Lowest Fourier support 0, giving a nontrivial bound n(F,d) > 0

2.8. Known results and consequences. While the general framework of Section 2 aims
at explaining and emphasizing the relations between the low-lying zeros and the distribution
of L-values, as claimed in [?] and instantiated therein for the case of quadratic twists of
an elliptic curve, or in [?] in the case of modular forms, various results toward the density
conjecture of Rudnick and Sarnak are actually known. Therefore, as a consequence we can
deduce analogous explicit lower bounds toward the Keating-Snaith conjecture, with explicit
values for n(F,d). We summarize some of these results and expected consequences below,
without pretending to any exhaustivity in this very active area, but underlining the diversity
of the settings.

The following table displays

the family F under consideration, under the assumptions of Section 2,

the aspect ¢(F) used to order and truncate the family,

the type of symmetry G of the family,

the limit 0 allowed for the Fourier support in known results,

the value of n(F,d) obtained in in Theorem 1,

the reference in which the claimed results toward the density conjecture is proven.

The first line recovers the nonvanishing density from [?] and the lower bound toward the
distribution of central values of [?]. The fourth line proves a statement announced, but
unproven, in [?] for modular forms. The third and fourth lines recover the nonvanishing
densities in [?].

2.9. Structure of the article and main ideas. To end this section, we introduce the
structure of the rest of the paper. This also outlines the arguments to prove Theorem 1.
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F c(F) Type d | n(F,d) | References
Twists F X xq (¢ = 1) d SO(even) | 1 1/4 (7]
Dirichlet L-functions | conductor Sp 2 7/8 [?]
Modular forms (¢ = 1) level SO(even) | 2 9/16 (7]
Sym? Modular forms level Sp 3/2 8/9 (7]
Maaf forms spectral U 2 1/2 [?]
GL(3) spectral U 10/13 0 [?]
GL(3) Sym? spectral U 5/23 0 7]
GL(3) Adjoint spectral Sp 2/27 0 (7]
GSp(4) modular Spin | weight ) 1 0 7]
GSp(4) modular Std weight Sp 1 1/2 [?]
GSp(4) Maass Spin spectral 0) [?] 0 (7]
GSp(4) Maass Std spectral Sp [?] 0 (7]
Maafl x modular spectral 0) £ 0 (7]
Maafl x Sym? modular | spectral O 5/24 0 (7]
Quaternion algebra | conductor 0) 2/3 0 (7]
Hilbert modular forms level O 3/2 | 5/12 (7]
General conductor € 0 7]

TABLE 3. Known results toward the density conjecture of Katz and Sarnak

Section 3 is dedicated to the proof of the first part of Theorem 1, on the distribution of
zeros. The one-level density D(L, ¢) is related to a sum over prime powers via an explicit
formula, which allows us to deduce the behavior of the low-lying zeros from the study of
such arithmetic sums (Section 3.1). The large powers do not contribute thanks to the
pointwise bounds on the coefficients (Section 3.2). The power 2, by means of the Hecke
relations, relates to the coefficients of the L-function (which display cancellations and does
not contribute significantly) up to the constant vz, which critically contributes to the limiting
behavior. The power 1 may contribute when the summation is too long (Section 3.3). This
limiting behavior of the one-level density on average classically allows one to deduce results
on the nonvanishing at the central point (Section 3.4).

Section 4 and beyond are dedicated to the proof of the second part of Theorem 1, on the
distribution of central values. The logarithm of L(%) is related to a sum over prime powers
and a sum over zeros, analogously to the case of zeros, by means of an explicit formula
(Section 4.1). The sum over high powers does not contribute asymptotically (Section 4.2).
The sum over prime squares leads to possible biases from the Hecke relations, already critical
in determining the type of symmetry of the family F, and contributes to the mean Mz
(Section 4.3). The sum over primes results in the normal distribution, and this is proven by
the method of moments, by showing that the moments of this sum over primes match the
corresponding moments of the normal distribution, as stated in Proposition 3.
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The final result is then obtained by an amplification argument using the low-lying zeros
behavior, proving that there are few elements L € JF such that the sum over zeros in
the explicit formula has a large contribution, see Propositions 5 and 6. In particular, the
remaining elements under consideration are the proportion n(F,d) occurring in Theorem 1.

3. FROM ZEROS TO PRIMES

We provide in this section the proof of the statement of Theorem 1 about low-lying zeros.
This provides in particular a high-level sketch (technicalities being hidden in the assumptions
made in Section 2) of all the proofs of the results toward Conjecture 1 in the literature.

3.1. Explicit formula. We state the Weil explicit formula [?, (4.11)], which relates the
one-level density D(L, ¢) to a summation over primes of spectral parameters.

Proposition 1. We have, for every L-function L(s) and for every Schwartz function ¢,

. N 2 Ap(n)~( logn 1
D(L.6)i= 3000 = 00) ~ o 2 i (i) +© () @

Y

where the summation runs over the renormalized zeros of L(s).

3.2. High powers. Using the Ramanujan bound o ;(p) < p°, we obtain that the contri-
bution of the powers k > 3 in (3.1) is

Ar( k1l
ZZ Lk/2 (logzgp ) ZZ e 1ng<< Z 3/2 . : (3.2)

p k23 P k>3

This implies that in (3.1), only the prime powers p* with k = 1 or k = 2 may contribute to
the limiting density.

Remark 4. Weaker statements than Hypothesis 1 of the form «ay,;(p) < p®** for a certain
a > 0 are known unconditionally, e.g. we have v = 0 for modular forms by Deligne [?],
a = 7/64 for Maass forms on GL(2) by Kim-Sarnak [?] and o = 1/2—1/(n+1) on GL(n) by
Luo-Rudnick-Sarnak [?]; see Blomer-Brumley [?] for further comments. The above argument
remains valid for v < 1/6, and would leave more values of k to consider if « is larger. Note
that if only o > 1/2 is known (as for GSp(4) in the case of the standard L-function), then
no term can be proved to be negligible with the above argument, and increasing k£ a priori
harms, e.g [?].

We are therefore left with

~ Ar(p klogp
D(L, ) ~ ¢(0) logc ZZ i (mgc(f))' (3.3)

p ke{l,2}
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3.3. Low powers. Using the Euler product (2.2) and the Hecke relations from Hypothesis 3,
we have

d
Ar(p) = log(p) Z ari(p) = ar(p)log(p), (3.4)
Ar(p®) =log(p) Y ari(p)® = (ar(p?) + nar(p) +77) log(p). (3.5)

i=1
Using the prime number theorem as in [?, p. 1661], the factor vz from (3.5) contributes

2logp logp 1
2772 ) (logc ) plogc(F) " §7f¢(0)a (3.6)

to the estimate (3.3), when c(L) grows to infinity. It remains to estimate the contributions
from the coefficients ar(p) and ar(p?). On average over L € F, this is exactly explained by
Hypothesis 5, and the contribution therefore is Hy = [ hr¢. All in all, we obtain that

1
D(L,¢) ~ 3(0) = 5756(0) + Hy = [ Wro, (3.7)
PN z :
when |F| — oo, where
Wr=1- 37700 + hr, (3.8)
as claimed in Theorem 1.

Note in particular that the type of symmetry in the density statements is therefore de-
termined by a common factor stemming from the Archimedean factors in the functional
equation, by Hecke relations (as seen by the term vx) and by a finer term that occurs when
the summation over primes is long enough, viz. H, (which is the only one allowing to
distinguish between the three orthogonal types of symmetry).

3.4. Nonvanishing consequences. We follow closely [?, (1.35) and below] and introduce,
for all m > 0, the density of the functions L € F vanishing at the central point with order m,
Viz.

P = #{L e F : (irlc/12L(s) =m}. (3.9)

|7
By definition, the sum of p,, over m > 0 is equal to 1. Morevover, for any nonnegative
Schwartz function ¢ such that ¢(0) = 1, we have that

Zmpm\|F|ZD )g/RW;qH—a (3.10)

m>1 LeF

for any € > 0, by (3.7). In general, we can therefore deduce that

po=1=> pu=1-) mp,= 1—/Wf¢—e (3.11)
m=>1 m=1
for all ¢ > 0. An optimal choice of test function ¢ to maximize this quantity is given in [?,
Appendix A] depending on the type of symmetry of the family and the allowed support &
for the Fourier transform. We obtain the values of n(F,d) in the first part of Table 1 and
this proves the nonvanising consequence in Theorem 1.
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If the sign €, in the functional equation is 1 for all L € F, then taking the derivative of
the functional equation (2.5) and evaluating it at 1/2 implies that L'(1/2) = 0. Therefore,
p1 = 0 and any L € F vanishing at 1/2 vanishes with order at least 2. The above argument
therefore refines to

pg—l—me/l——Zmpm 1——/Wf¢—a (3.12)
m>=2 m>=1

for any e > 0. This, along with the optimal choice of function made in [?, Appendix A],
provides the values of n(F,d) in the second part of Table 1.

4. FROM L-VALUES TO PRIMES AND ZEROS

We provide in this section the proof of the statement of Theorem 1 about central values
under the assumptions of Section 2. This covers the cases treated in [?] and [?], and provides
in particular a high-level sketch of these results.

4.1. Explicit formula. Our first proposition establishes an expression for the logarithmic
central value in terms of sums over primes and over zeros, analogous to the explicit formula of
Proposition 1. This is the analogue of [?, Proposition 1] or of [?, Lemma 2], and is the place
where we need to assume the Generalized Riemann Hypothesis (we could assume weaker
zero-free regions and have weaker error terms as in [?, Lemma 2]).

Proposition 2. For all L-function L € F such that L(1) # 0 and for 1 < z < ¢(L), we
have
1 Ap(n)log(xz/n) 1 L' [/1
logL | = | = B
©8 (2) ; nt/2lognlog * logz L \ 2
1 o xPe 1
+ ——do+0 | ———5— ).
o7 = L 5o 0 ()

4.2. High powers. Note that L'/L(1/2) < logc(L) < logc(F), see [?7, (5.28) of Proposi-
tion 5.7]. Using the pointwise bound on coefficients ar(n) < n, we deduce

(4.1)

k

1 k
oS ) e (12)
>3 p ogp logx

Therefore, analogously to Section 3.2, the only terms that may contribute to the size of
log L(1/2) in (4.1) are those with k =1 and k = 2.

4.3. Squares of primes. Analogously to the study of low-lying zeros in Section 3.3, the
contributions of the low powers £ = 1 and k = 2 are critical and determine the average
and the distribution of the logarithm of central values. Using (2.16), we deduce that the
contribution of the squares n = p? to (4.1) is

Z Z ") log(x/p) 77; log log x. (4.3)

17| e 2p logplogx
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Note that, on average over the family, this has the same distribution as the analogous
quantity when removing the weight log(z/p)/logz at a cost of O(1). Indeed, the second
moment of the difference is

(4.4)

10g )2 | F] Z

LeF

logp
Z \/13

<z

and, by the mean value theorem from Corollary 1 and by partial summation, this is asymp-
totic to
ar(p log
Z y o = <l (4.5)
10g |f’ LeF p<z

We therefore obtain on averaging over L € F, for all 1 < x < ¢(L),

’]__‘ZlogL% —%'y;loglog$~l— ZZ 1/2

LeF Le]—‘ p<x

(4.6)
log ¢(F L
+O< 1ng |]__|ZZlog (1+ (ylogzx)™ )),

LeF v

see, for example, [?, Proof of Proposition 1, Section 4] for more details about the proof.
Note that the mean Mz of the logarithms of central values appears as —7; loglog x, and it
comes exactly from the contribution of the “constant term” vz, which reflects the critical
contribution of the Hecke relations property to the result as in the case of the distribution of
low-lying zeros. Unlike that case, however, the remaining terms remain to be studied, which
then determine the distribution of these values.

4.4. Moments of the sum of coefficients. To understand the distribution of the loga-
rithmic central values log L(1/2), neglecting for now the error term (4.6) (it will be treated
in Section 5.1), we are led to explore the distribution of the sum over primes arising in (4.6),
le.

ar(p)
Py(r) =Y~ (4.7)
p<x p
when x grows. To do so we apply the method of moments, and we give below the analogue

of [?, Proposition 3]. It relates moments of the sum over primes Pp(x) and moments of the
normal distribution, given by

k!
2 Y itkeoan,
ke—r /de — 2k/2(k-/2)| ! < (48)

1 (o)
M = —/ z
V2T o 0, otherwise.

Proposition 3. We have, for all k > 1 and all x bounded by a certain positive power
(depending on k) of |]:|,

Z Pr(2)* = (M + 0(1)) (nrloglog z)/* . (4.9)
i
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Moreover, for all Schwartz function ¢ with a compactly supported Fourier transform,

Z Pp(x L ¢) = (My + o(1)) (nrloglog )"/ /R Wxo. (4.10)

|7l

Proof. Expanding the k-th power of Pp(x) from the definition (4.7), we get

Pt= Y ar(py) - ar(px) (4.11)

D1 Dk

P1,-- PR ST

A fundamental tool in this argument is the interplay of pointwise bounds on certain sums
and average over F. This relies on the following refinement of Holder’s inequality [?, Lemmas
A.1 and A.2 in Appendix A], on which we build everytime we bound away portions of the
average.

Lemma 1. For any k > 1 and ¥;,(L) € R quantities depending on L € F, we have

ZH! <ﬁ<|]__|22 )1“2 (4.12)

LE]: i=1 i=1 LeF

for certain even integers & < k + 1.

This lemma is fundamental in our argument and is a tool to bound mixed moments
inductively: the ¥;(L) will be various sums over primes of coefficients of L, and these will be
bounded either by the pointwise Ramanujan (Hypothesis 1), by the orthogonality property
(Hypothesis 2) or by certain averages over the family (Hypotheses 4 and 5). The above
lemma then allows us to apply such bounds without paying the price of absolute values
(since the &;’s are even integers) and therefore bound inductively such quantities. Since the
degree of the moment may increase by 1 in Lemma 1, we have to ensure that at least two
of the contributions of ¥;(L) are bounded away in the process before averaging (so that k
becomes k — 2 and Lemma 1 may worsen it to k — 1).

We begin with the proof of (4.9).

4.4.1. Induction and base case for (4.9). We use induction on the number k of prime factors
to prove the result. The idea has been streamlined in [?, Lemma 6], [?, Proposition 3.1] or
in [?, Theorem 3|, and we explain where the assumptions of Section 2 enter into play.

When k = 1, the average of (4. 11) is rewritten as
L D ILI LI SR R w1
LE]—' p<x p p<x \/_ | LE]—'

by Hypothesis 4. This is o(loglog(x)'/?) for x < |F|*'. Moreover, for k = 2, we have by
using the mean value theorem from Corollary 1,

Z Z ar(p1)ar(p2) |}_‘ Z Z aL(p ~ nrloglogz, (4.14)

LEJ"p1 p2<x p1p2 LeF p<x

by Hypothesis 2. We now assume k£ > 2, and split the summation into various different
subsums according to whether or not the primes are equal or different.
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4.4.2. High powers for (4.9). If there is m > 3 such that m primes among the p; are equal,
then the sum is bounded by

S S R

LG]—' p<x pi<z p1---pe
Pi#P
for a certain ¢ < k—2. The first sum is O(1) by the bounds toward Ramanujan since m > 3,
and this bound is uniform in L. Therefore, by Lemma 1, we are reduced to bound the second
sum which is O(loglog(x)*?) = o(loglog(x)*/?) by the induction hypothesis.

Note that, in order to factor out the summation over p in (4.15), we need to add back the
missing terms p; = p: these only add higher powers of primes (i.e. their contribution will be
a quantity analogous to (4.15) with a higher value of m) which therefore converge even more
easily. Such a modification has therefore a negligible effect on the result, this argument was
already steadily used in [?, ?].

4.4.3. Power 2 for (4.9). If exactly two primes are equal, then we can factor out

Z ar(p)” =nzloglogx + O(1) (4.16)

p<x

by Hypothesis 2, and use a similar argument to the one in Section 4.4.2 to add back the miss-
ing terms when factoring out. The error term O(1) is treated using Lemma 1, and the remain-
ing sum having two less primes, we can conclude by induction. Critically, the main term nz
as well as the error term are assumed to be independent of the family F in Hypothesis 2, and
by the induction hypothesis the remaining sum has contribution Mj,_s(nzloglog x)((k=2)/2),
providing a contribution of Mj,_,(loglog x)*/? to the whole sum. There are k — 1 possibili-
ties to take pairs such two primes (we can fix p; as one of the primes since the indexation
is an arbitrary choice, and then there are k — 1 possibilities for the second p; taken to be
equal to pp), so that by the induction hypothesis applied to the remaining sum, the overall
contribution is

(k — 1) loglog(x) Mjy_ loglog(z)*=2/2 = M, log log(x)*/?, (4.17)

as desired.

4.4.4. Power1 for (4.9). If no primes are equal, then by multiplicativity of the coefficients we
have ar(p1)---ar(pr) = ar(p1 - px), and then the orthogonality relation from Hypothesis 4
ensures

ar(p: - _ o2
IJEIZZ Vb1 Pk mmeZ ) < |F (4.18)

LeFpi<z LeF

This is o(loglog(z)*/?) as long as z < |F|*/* so that the terms with power 1 do not
contribute to the limiting behavior in Proposition 3 in this range. This concludes the proof
by induction.
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4.4.5. Induction and base case for (4.10). The proof of (4.10), with the extra weight D(¢, L),
is similar by inputting the explicit formula for D(¢, L) from Proposition 1, so that we get

ar, P1 “ar pk)
1 2 P D) = 3 3 1)

LeF LEF pi<x

~ A log p 2logp 1
% (QS( +Z 1/2 (logc(]—")) log ¢(F) O loge(F) /) |-
The part comprising gb(O) — §7f¢(0) does not depend on L and can be factored out, so that
the corresponding contribution is exactly

(50) = Fo(0 ) P ZPL (4.20)

and, by the first part of Proposition 3 proved above, this is (¢(0)— 1976(0)) My log log(z)*/2+
0(1). The remaining contribution, that features the coefficients of L, is

ar(p1)---ar(px) ar(p)~ ( logp 2logp
|Z 2 \/7 : N ¢<10gc(F))logc(F)' (4.21)

LeF pi<z,p

The proof follows the lines of the first case of the proposition and proceeds by induction
over k.

When k£ = 1, we separate the summation depending on whether or not p and p; are
equal. When they are not equal, we use the multiplicativity of the coefficients so that the
corresponding summation is

L~ log p ) 210gp
4 ar(pp1) 4.22

LeF

DPF#DP1

By Hypothesis 4, the inner sum is bounded by |F|~7 and then this quantity is bounded by
| F|~"2z/log ¢(F), which is o(loglog z) as soon as x < |F|7.

When p; = p, then the summation is

ar(p)?>~( logp 2log p
AL S () ety 429

LeF p<z

By Hypothesis 2 and summation by parts, we obtain that this is O(1) = o(loglog(z)'/?) as
desired.

4.4.6. High powers for (4.10). If m > 3 primes are equal, the sum is either

ar(p) ar(p2) - --ar(pe)ar(p)~( logp log p
!flz(z R ) 3 G () e (0

LeF \pi<z 1 pi<x,p pep

or, if the prime p from the one-level density is among them,

A logp log p ar(ps) - - ar(pe)
|Lze;-‘ (; pr (logc(F)) logc(]—")) > o i (4.25)

pi<x
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where the second sum has been completed by those p; = p; or p; = p respectively, as in the
previous section, at the cost of an error term. The expression between parentheses are O(1)
in both cases since ar(p) < p° uniformly in L. Lemma 1 and the induction hypothesis then
ensure that the remaining sum is O(log log(z)*/?~1/2) = o(log log(z)*).

4.4.7. Power 2 for (4.10). If exactly two primes are paired, then one possibility is that they
are among the p;’s and the expression therefore is

ar(p1) ar(p2) - -ar(p)ap(p)~( logp log p
’}—‘ Z (Z p1 ) Z D2 pep ¢ <logc(]—")) log ¢(F)’ (4.26)

LeF \pi<z pi<T,p

and the bracketed expression is nzloglogz + O(1) by Hypothesis 2. The error term is
bounded away by Lemma 1 and the induction hypothesis. The term in loglogx provides
the only one contributing as a main term, and there are k — 1 such pairing possibilities (for
the same reasons as in Section 4.4.3), so that by the induction hypothesis applied to the
remaining sum, the overall contribution is

(k — 1) loglog(x) Hy M, loglog(x)*=2/2 = M; loglog(x)"/?, (4.27)
as desired.

The other possibility is that the two primes that are equal feature the prime p coming
from the one-level density and the expression is

p)?~ log p log p ar(ps) - - ar(pe)
|f|;(; D (logc(}")> logc(]-")) Z Do (4.28)

pi<z,p

The bracketed expression is O(1) by Hypothesis 5, and Lemma 1 therefore concludes the
proof by induction.

4.4.8. Power 1 for (4.10). If no prime is paired, then by multiplicativity the coefficient
ar(p1 -+ - prp) occurs alone and the summation, which looks like

1 ~( logp 2logp
4.29
Z \/pl--~pkpgZS <logc( )) log ¢(F |]:] ZGL PiP): ( )

pi<T,p LeF

The innermost sum is bounded by |F|~7 by Hypothesis 5, so that the whole sum is bounded
by 2 +1/2| F|=7 which is O(1) = o(loglog(x)*/?) for x < |F|*/(k+1),

This concludes the proof of Proposition 3 by induction. O

4.5. Moment method. The following result, analogous to [?, Lemma 1] or [?, Proposition
3.1], uses the “moment method” to quantify the proportion of L € F such that Py (z) falls
into a specific interval.

Proposition 4. We have, for all Schwartz function ¢ with compactly supported Fourier
transform,

S D(L6) = (M(a,8) +o(1) 3 D(L,0) (4.30)

LeF LeF
Pr(z)/v/nFloglog z€(a,B)
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where

g
M(a, ) = — | e */da. (4.31)

Proof. Asymptotically, Proposition 3 shows that the /-th moment of Pp(x)/v/nrloglogx
behaves as the /-th moment of the normal distribution, i.e. when x grows to infinity,

B Y st
Z;(m) D)~ = [ afe x| Wro (1.32)

for all £ > 0, so we deduce that, for any polynomial R € R[X],

Kl Z (Wl)ogx) D(L,¢) ~ \/%/RR(:B)G‘”EQ/%/RWW, (4.33)

and by approximating the characteristic function 1, ) by a polynomial I, we deduce that

RS G
7 2 =2l (m) DL.9) (454

feF feF
Ppr(z)/v/nrloglogz€(a,B)

1 :
~ E/Rl(aﬂ)(ﬂﬁ)ex /2dx/RWf¢— M(Oé,ﬂ)/RV[zf%)
4.35

as claimed. 0

5. ENDGAME

5.1. Amplifying zeros. Analogously to [?], we use the previous results to explain that,
even if there may be L-functions in the family F having small zeros such that the error term
in Proposition 2 is harmful, there is only a very small proportion of them in the family. This
can be controlled via the density results obtained in Section 3 which provide information
about the low-lying zeros.

Proposition 5. For all o < (3, the number of L € F such that Pr(x)/v/nzloglogzx € (o, B)
and such that there are no zeros with || < (log X loglog X)™! (where x = X/1ogloglos X ) g
larger than

n(F,0)M(a, 5)|F| (5.1)

where

B
M (a, 5) e " . (5.2)

!
Vor @
Remark 5. Note that this is where Bombieri-Hejhal [?] and Hough [?, ?] get a direct con-
clusion using a zero density hypothesis, ensuring that this error term does not contribute.
Under the assumption toward the Katz-Sarnak conjecture in place of zero density hypothesis,
this cannot be ensured and this is where a certain proportion of L-functions in the family is
lost.
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Proof. Choose for ¢ the explicit Féjer kernel up to the maximal Fourier support J allowed
by the low-lying zero assumption. More precisely, let

™

bo(z) = (Si“”) C Boly) = max(1 — |y],0), (5.3)

so that ao(y) is supported in (—1,1), and ¢(z) = ¢o(xd) so that a(y) = 5_150(95/5) is
compactly supported in (—6,4). Proposition 4 implies

1 1
LY owe~mentSowe o
feF fer
Pp(z)//loglog z€(a,B)
and, by the low-lying zero limiting density (2.17), we deduce
1

M0 8) 5 3 D(L.6) ~ M) [ Wro. (55)

fer R

Iwaniec, Luo and Sarnak [?, (1.42)—(1.46)] computed the values of k := [Wx¢ for this
specific choice of ¢ and gave its dependency in §.

Type |0<1| =21 |0=00
0 [+ 11 1
SO(even) | 3 +3 |2 — 5 0
SO(odd) |5+ 35 |14+52| 1
S |5—5| = | O
U 3 3 0

5
TABLE 4. Values of k = [ Wx¢ depending on ¢ and the type of symmetry

We can now use the similar amplification argument as in [?] or [?]. Let ® := D(L, ¢) to
lighten notation. Split the above sum depending on whether or not the L-function has too

small zeros:
Yo=Y o+) @ (5.6)
(a,)

(,8) (a,8)
3

where

d o= > P, (5.7)

(a,8) LeF
Pr(z)/v/nFloglog z€(a,B)

Y o= > D, (5.8)

(,p) LeF
3 |y |<e

Pr(z)/v/nFloglog z€(a,B)

Y o= > P, (5.9)
, LeF
! Alyrl<e

Py, () /v/nF Tog log 7€ (o, 5)
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and ¢ = (log X loglog X)~!. The weights ¢(y) in ® are always non-negative, since the
function ¢ we chose is non-negative. Since ¢ — 0 when x grows, we have ¢(7) > ¢(0) —e =
1 — . We can therefore write

Z‘I’ do+) o> ZHZ@ ZHZ (5.10)

(c,8) (a,ﬂ) (a,8) ) (a,8) (a,8) (,8)
3 ? ?

On the other hand, the above consequence of the moment method and of the limiting one-
level density result are rephrased as

Y 1~ M(a,B)|F| and Y @~ M(a,B)x|F], (5.11)

(c,8) (,8)

relating the restricted sums to the corresponding whole sums. We therefore deduce, since

0<o<1,
Y1z (1-9)>> 1= &~ Ma,B)(1—r)|F. (5.12)

(o) (,8) (c,8) (c,8)
3 3

We can then lower bound the smoothed quantity of f € F having zeros of moduli smaller
than ¢, viz.

Z 1> (1-r)M(a,B)|F|, (5.13)

as desired, giving the values of n(F,¢) := 1 — k recorded in Table 1.

If the L-functions in F all have signs €;, = 1 in the functional equation, then each small
zeros arise in pair: either the zero is at the central point i.e. ¥ = 0 and then it is necessarily
a double zero as explained in Section 3.4; or it is nonzero, and its conjugate has the same
modulus, in particular it is also small. The above argument then carries on and gives the
improved values of 7(F,d) = 1 — § stated in Table 1. In both cases, it is the same value as
the lower bound for the density of nonvanishing obtained in the first part of Theorem 1. [

5.2. Few zeros contributing a lot. The following proposition is the analogue of [?,
Lemma 2|, and quantifies how rare are the L € F such that the contribution from the
sum over zeros in Proposition 2 is large.

Proposition 6. For all X > 1, the number of L € F such that

Z log(1 + (yzlogx)™?) > logloglog(X)? (5.14)

7> (log X loglog X)~*

is < |F|/logloglog X.

Proof. The same proof as in [?, Lemma 2| holds mutatis mutandis. O

5.3. Proof of the theorem. This closely follows [?] final arguments, now that all the
corresponding estimates have been established. We write it here for the sake of completeness.
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Using the notation (4.7), recall from (4.6) that

1
Z logL (3) = —log logz + — Z Pr(z)
"F| LEF 2 ’F‘ LeF
log ¢(F
+0 log (14 (ylogz)~?) |.
(P )

By Proposition 5, there is a proportion at least n(F,d)M («, 8) of L € F such that
Py(x)
—F—— C
Vvnrloglogx (. 6)
and L(s) has no zeros such that |y| < (log X loglog X)~!. By Proposition 6, we can remove
|F|/logloglog X = o(|F|) of such elements to ensure that the contribution of zeros |y| >
(log X loglog X)~! is O ((logloglog X)3). All in all, there are at least n(F,d)M(a, 3)|F)|
elements L € F such that
log L(%) — %7; log log ¢(F) o (logloglog | F|)? (0. 8)
a, B).
\/nrloglog c(F) log log ¢(F)

This concludes the proof of Theorem 1.

(5.15)
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