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ON EPSILON FACTORS ATTACHED TO SUPERCUSPIDAL
REPRESENTATIONS OF UNRAMIFIED U(2,1)

MICHITAKA MIYAUCHI

ABSTRACT. Let G be the unramified unitary group in three variables defined
over a p-adic field F' with p # 2. Gelbart, Piatetski-Shapiro and Baruch at-
tached zeta integrals of Rankin-Selberg type to irreducible generic representa-
tions of G. In this paper, we formulate a conjecture on L- and e-factors defined
through zeta integrals in terms of newforms for GG, which is an analogue of the
result by Casselman and Deligne for GL(2). We prove our conjecture for the
generic supercuspidal representations of G.

1. INTRODUCTION

Local newforms play an important role in the theory of automorphic forms.
Casselman and Deligne established a theory of newforms for p-adic GL(2), which
can be stated as follows. Let F' be a non-archimedean local field of characteristic
zero with the ring of integers op and its maximal ideal pp. Let ¢p be a non-
trivial additive character of F' with conductor op. The local counterpart of a level
subgroup of GLa(F') is defined by

X
n ofF oF
F = )
for n > 0. For each irreducible admissible representation (w,V) of GLa(F), we
define the subspace

V(n) ={veV|n(k)v=v, kelo(pF)}
of V. Then the following theorem holds.

Theorem 1.1 ([2]). Let (7,V) be an irreducible generic representation of GLa(F).
(i) There exists a non-negative integer n such that V(n) # {0}.
(#1) Put c(m) = min{n |V (n) # {0}}. Then the space V (c()) is one-dimensional.
(iii) The e-factor e(s,m,¥r) of w is a constant multiple of q;C(W)S, where qp s
the cardinality of the residue field of F.

We call the integer () the conductor of m and V (c(n)) the space of newforms for
. Another important property of newforms is that the zeta integral of a newform
expresses the L-factor of a representation.

Theorem 1.2 ([3]). Let m be an irreducible generic representation of GLo(F')
and W a newform in the Whittaker model of w. Then the corresponding Jacquet-
Langlands’s zeta integral Z(s, W) attains the L-factor of .
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Similar results were obtained by Jacquet, Piatetski-Shapiro and Shalika [6] for
GL,(F). Recently, Roberts and Schmidt [T0] established a theory of newforms for
irreducible representations of GSp,(F) whose central characters are trivial. Our
main concern is to construct a newform theory for unramified unitary group U(2, 1).

The aim of this paper is twofold. The first one is to formulate an analogue
of Theorem for Gelbart and Piatetski-Shapiro’s zeta integrals for unramified
U(2,1). Gelbart and Piatetski-Shapiro [4] initiated a theory of Rankin-Selberg in-
tegrals for U(2,1), and Baruch [I] developed it. For a given irreducible generic
representation of U(2, 1), they attached a zeta integral involving a Whittaker func-
tion and a Schwartz function on F2. The L-factor attached to an irreducible generic
representation of U(2, 1) is defined as the greatest common divisor of the zeta inte-
grals. For unramified U(2,1), the author [§] introduced a family of open compact
subgroups and defined newforms for generic representations m. We conjecture that
the L-factor of 7 is represented by the zeta integral when the Whittaker function is
associated to the newform and the Schwartz function is the characteristic function
of a certain lattice in 2 (Conjecture 1)). In addition, our conjecture indicates the
relation between e-factors and conductors (Theorem [.3). We note that there is a
related work by Koseki and Oda [7] for the archimedean situation.

The second aim of this paper is to show that our conjecture holds for the generic
supercuspidal representations. The zeta integral involving the newform and the
characteristic function of a certain lattice in F? is decomposed into a product of
Lg(s,1) and a more simple zeta integral of the newform, which is close to that for
GL(2) (Proposition [B.3]). Here E is the unramified quadratic extension over F' and
Lg(s,1) stands for the L-factor of the trivial representation of GL1 (E). To compute
the latter zeta integral, we follow the method by Roberts and Schmidt for GSp(4).
In [10], they utilized Hecke operators acting on the space of newforms to obtain a
key formula of the values of the Whittaker function associated to the newform at
diagonal matrices in terms of Hecke eigenvalues. The zeta integral of the newform is
determined by this formula. In their theory, the assumption on the central character
is crucial. We apply their method to representations of unramified U(2,1) whose
conductors differ from those of their central characters to obtain an explicit formula
of zeta integrals of newforms in terms of Hecke eigenvalues (Proposition [B.12]). All
the supercuspidal representations satisfy this assumption on the central characters,
so our conjecture holds for them.

We summarize the contents of this paper. In section 2l we fix the basic notation
for representations of the unramified unitary group in three variables and recall the
notion of its newforms. In section 3] we recall from [I] the theory of Rankin-Selberg
integral for unramified U(2,1) and give some computation relating to newforms. In
section ], we give Conjecture .1l which says that zeta integrals of newforms attain
the L-factors of representations. In section B, we introduce the Hecke operator and
the level lowering operator, and give their explicit description. Using these opera-
tors, we get a formula of zeta integrals of newforms in terms of Hecke eigenvalues.
In section [6 we show that our conjecture is true for all the generic supercuspidal
representations of unramified U(2,1).

Unfortunately, our conjecture is still open for non-supercuspidal representations.
For such representations, conductors may be equal to those of central characters,
so our technique in section Bl does not work. We will develop a theory of Hecke
operators for such representations, and show the validity of the conjecture in our
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ongoing work. It is also an important problem to compare L- and e-factors defined
through zeta integrals with those of L-parameters.

2. PRELIMINARIES

In subsection 2] we fix our notation for unramified U(2,1), which is used in
this paper. In subsection 222] we recall from [§] the definition and basic properties
of newforms for unramified U(2,1).

2.1. Notation. Let F be a non-archimedean local field of characteristic zero, op
its ring of integers, and pp = wrop the maximal ideal in 0p. We write ¢ = g for
the cardinality of op/pr. Let |- | denote the absolute value of F' normalized so
that |owp|r = q}l. We use the analogous notation for any non-archimedean local
field. Throughout this paper, we assume that the residual characteristic of F is
odd.

Let E = F[\/e] be the unramified quadratic extension over F', where € is a non-
square unit in op. We know that gp = ¢ and wp is a uniformizer of E. So we
abbreviate w = wr. We set G = {g € GL3(E) | ‘gJg = J}, where ~ is the
non-trivial element in Gal(E/F') and

0
J=1 0
1

o = O

1
0
0

Then G is a realization of the F-points of unramified U(2,1) defined over F. We
denote by e the identity element of G.

Let B be the Borel subgroup of G consisting of the upper triangular elements in
G with Levi subgroup T of diagonal matrices in G and unipotent radical U. We
write U for the opposite of U:

1 =z y

U=<qulz,y)=| 0 1 - z,yeEl, y+y+ax=0,,
0 0 1
1 0 0

U=Sa(z,y)=| 2 1 0| |z,yeE y+5+22=0
y —x 1

We shall identify the subgroup

of G with U(1,1). We set By = ,Ug=UNHand Ty =TNH:
a 0 0
Ty=<(tla)=[ 0 1 0 a€E”
0 0 a'
y a 0 a 0
For a € E*, we put t(a) = 0 -1 and d(a) = 0 1 ) Then every

element h in H = U(1, 1) can be decomposed into

(2.1) h=t(b)d(Ve)hrd(ve ),
where b € E* and hy € SLo(F).
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For a non-trivial additive character ¥ g of E, we define a character ¥g of U by

Ye(u(z,y)) = Ye(x), for u(z,y) € U.

We say that a smooth representation (7, V') of G is generic if Homy (7, ¥ g) # {0}.
Suppose that (7, V) is irreducible and generic. Then it is well-known that

dim Homgy (7, ¢ g) = 1.

By Frobenius reciprocity, there exists a unique embedding of 7 into IndgwE up to
scalar. The image W(m,g) of V is called the Whittaker model of w. By a non-
zero functional | € Homy (7,9 g), we define the Whittaker function W, € W(r, V)
associated to v € V' by
Wy (g) = U(m(g)v), g € G.
We may identify the center Z of G with the norm-one subgroup E! of EX. Under
this identification, we set open compact subgroups of Z as

Zo=2, Z,=ZN(1+4p}%), forn>1.
For an irreducible admissible representation 7w of GG, we denote by w, the central
character of 7. We define the conductor of w, by
ny =min{n > 0|w,|z, =1}.

2.2. Newforms. For a non-negative integer n, we define an open compact sub-
group K, of G by

n

0g op PE
K,=| v 14+p% og |NG.
P PE oE

For a smooth representation (m, V') of G, we denote by V(n) the space of K,-fixed
vectors in V', namely,

Vin)={veVin(kv=wv, ke K,}, n>0.

Theorem 2.2 ([8] Theorems 2.8, 5.6, Corollary 5.5(i)). Suppose that (7, V) is an
irreducible generic representation of G.

(i) There exists a non-negative integer n such that V(n) # {0}.

(#i) Put Ny = min{n > 0|V (n) # {0}}. Then dimV(N,) = 1.

(iti) If 7 is supercuspidal, then we have Ny > 2 and Ny > n.

Definition 2.3 ([8] Definition 2.6). Let (7, V) be an irreducible generic represen-
tation of G. We call N, the conductor of m and V(N;) the space of newforms for
.

We recall some properties of Whittaker functions associated to newforms. Let
(m,V) be an irreducible generic representation of G. For each v € V', we can regard
Wolry, as alocally constant function on E*. Along the lines of the Kirillov theory
for GL(2), we see that there exists an integer n such that supp W, |z, is contained
in pz". Moreover, if v is an element in (7(v)w —w | v € U, w € V), then W, |7,
is a compactly supported function on E*.

Proposition 2.4 ([8] Corollary 4.6, Theorem 4.12). Suppose that ¥ g has conductor
og. Let m be an irreducible generic representation of G and let v be a newform for
.

(i) The function Wy|r, is 0x-invariant and its support is contained in op.

(i1) Suppose that N > 2 and N > n,. Then W,(e) =0 if and only if v = 0.
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3. RANKIN-SELBERG INTEGRAL

In this section, we recall from [I] the theory of the Rankin-Selberg integral for
unramified U(2,1) by Gelbart, Piatetski-Shapiro and Baruch, and give some com-
putation relating to newforms. For an irreducible generic representation m of G,
its zeta integral has the form Z(s, W, ®), where W is a Whittaker function for 7
and ® is a Schwartz function on F2. In subsection Bl we see that Z(s, W, ®) can
be decomposed into a product of a more simple zeta integral and the L-factor of
the trivial representation of E* when W is associated to a newform for = and ®
is the characteristic function of a certain lattice in F2. The L-factor attached to 7
is defined as the greatest common divisor of the zeta integrals. In subsection B:2]
we quote the result by Ishikawa on the shape of L-factors of supercuspidal rep-
resentations. In subsection B3] we recall their functional equation, and relate it
with contragradient representations. In subsection [3.4] we show that e-factors are
monomial.

3.1. Zeta integrals. Let C2°(F?) be the space of locally constant, compactly sup-
ported functions on F2. For ® € C°(F?) and g € GLy(F), we define a function g®
in C2°(F?) by

(9®)(x,y) = ®((x,y)g), (z,y) € F2

We normalize the Haar measure on F'* so that the volume of 0? is one. For
® € C°(F?) and g € GLy(F), we define a function z(s, g, ®) on C by
5,90 = [ (@)l s e C
FX

For any subset S of F2, we denote by chg the characteristic function of S. We
set @, = chyngop, for each integer n. We define the L-factor Lg (s,x) of a quasi-
character x of E* as usual:

1
————— if x is unramified;
Lp(s,x) =4 1-x(@w)g >
1, if x is ramified.

We denote by 1 the trivial character of E*.

“n \ X
Lemma 3.1. For any k € ( ;5 pOF ) , we have z(s,k,®,) = Lg(s,1).
F F

o\ X
Proof. Since k € ( or P ) fixes the lattice p’% @ o, we have k®, = @,.

pPE o oF
Thus we get
Aok ®) = [ @,Orlpd = [ el = Lets,1),
FX opNEX
as required. 0

For h € H and ® € C°(F?), we set
f(s,h,®) = |b|p2(s,h1,®), s € C,

where b € EX and hy € SLa(F) are as in (21). By [I] Lemma 2.5, the definition
of f(s,h,®) is independent of the choice of b € E* and hy € SLa(F). Set K, g =
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—n
K, N H. We may identify K,z with ( ;E paE ) N U(L,1). Because Kz
E E
is a good maximal compact subgroup of H, we have an Iwasawa decomposition
H =UgTgr K, g. We note that

(3-2) f(s,t(a)k, @) = |a|pf(s,k, @), a € E* .k € Knp.
Lemma 3.3. For any k € K,, g, we have f(s,k,®,) = Lg(s,1).

Proof. We can decompose k& € Kp,pr as k = t(b)d(\/g)kld(\/g_l), where b € 0 and
—n o\ X
ki € < ;5 poF > NSLy(F). So we obtain f(s, k,®) = |b|32(s, k1, ®) = Le(s,1)
r OF
by Lemma 311 -

Let 7 be an irreducible generic representation of G. For W € W(r, ¥ g) and
® € C°(F?), we define the zeta integral

Z(s, W, ®) = /U WS b @)

By [1] Proposition 3.4, the integral Z(s, W, ®) absolutely converges to a function
in C(q™2%) when Re(s) is sufficiently large. We normalize the Haar measures on
E* and K,, g so that the volumes of o}, and of K, i are one respectively. By the
Iwasawa decomposition H = UgTy K, g and the isomorphism E* ~ Ty;a — t(a),
we obtain

(3.4) Z(s,W,®) = / W (t(a)k) f(s,t(a)k, ®)|a| 5 d” adk.
Kn,u J EX
We define another zeta integral of W in W(w, ¢¥'g) by

Z(s,W) = . W (t(a))|al 'd*a.

By the proof of [1] Proposition 3.4, Z(s, W) also converges absolutely to a function
in C(q=2*) if Re(s) is large enough.

Proposition 3.5. Suppose that W € W(r,yg) is fized by K, g. Then we have
Z(s,W,®,,) = Z(s,W)Lg(s,1).

Proof. f W € W(m,v¢g) is fixed by K, g, then we get
Z(s,W,®,) :/ W (t(a))|als t f(s, k, ®,)d* adk
Ko i J BX

— [ Wa)aly d"a- / F(s,k, @) dk

EX Kn v

by B2) and ([B4]). Now the assertion follows from Lemma B3] and the definition of
Z(s,W). O
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3.2. L-factors. Let I be the subspace of C(q~2%) spanned by Z(s, W, ®) where
® € C*(F?), W € W(m,¢g) and 95 runs over the non-trivial additive characters
of E. As remarked in [I] p. 331, I, is a fractional ideal of C(¢~%*). So we can find
a polynomial P(X) € C[X] such that P(0) = 1 and 1/P(q~2%) generates I,. We
define the L-factor L(s, ) of m by

1
L(s,7m) = ———.
51 = By
The following proposition is due to Ishikawa, but the statement is slightly mod-

ified.

Proposition 3.6 ([5] Theorem 4(4)). Let w be an irreducible generic supercuspidal
representation of G. Then L(s,m) equals to 1 or Lg(s,1).

Proof. Tt is enough to show that the function Z(s,W,®)/Lg(s,1) belongs to
Clg=2%,¢%%] for all W € W(m,¥), ® € C2°(F?) and non-trivial additive characters
g of E. Since W(h) and f(s, h, @) are right smooth with respect to h € H, the in-
tegral Z(s, W, ®@) is a linear combination of functions of the form Z (s, W’) f(s, 1, ®’),
where W' € W(m,¢g) and ® € C(F?). It follows from [8] Propositions 4.1(ii)
and 4.7 that W’|p, is a compactly supported function on Ty ~ E*. Note that
in [8], we assume that ¥ g has conductor og, but Proposition 4.7 holds for all ¥g.
This implies that Z(s, W’) lies in C[g~2%, ¢>*]. Due to the theory of zeta integrals
for GL(1), we see that f(s,1,®')/Lg(s,1) belongs to C[g~2%,¢?*]. This completes
the proof. O

3.3. The functional equation. Let ¥ r be a non-trivial additive character of F’
with conductor p;(wF ). We choose the Haar measure on F2 normalized so that the
volume of o @ op is ¢°¥r). For each ® € C°(F?), we define the Fourier transform
P by

O(x,y) = /F2 O (u, v)Yp(yu — zv)dudv.

One can check that & = & for all € CX(F?).

Lemma 3.7. Suppose that the conductor of 1 is op. Then we have
z2(1—s,k, ‘in) = qu”(Sfl/Q)LE(l —s,1),

“n o\ X
foranyké(oF Pr ) :

pEp  oF

Proof. It is easy to observe that ®,, = ¢~"ch ». Since ®,, is fixed by k, we get

oF®pL

2(1—5,k,&,) = q*”/ ChoFeBp;" 0,7)|r|5 *d*r
FX

—o [l
P NFX

— q72n(871/2)LE(1 — s, 1),
as required. (Il

Corollary 3.8. If the conductor of g is op, then we have f(1 — s,k ,&,) =
gL p(1 —s,1), fork € K g.
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Proof. Exactly the same as the proof of Lemma 3.3 a

Proposition 3.9. Suppose that ¥ has conductor op. If a Whittaker function W
in W(m,¢g) is fived by K, g, then we have

Z(1—s,W,&,) = ¢ 2"V 2(1 — 5, W, ®,,).

Proof. By the proof of Proposition B.5] we get
Z(1—s,W,®,)=Z(1—sW)- / f(1— s,k &,)dk.
Kn g

Due to Corollary B8] one has Z(1—s, W, @n) =q 2612 7(1—5,W)Lg(1—s5,1).
So we get Z(1 — s, W, <i>n) = ¢~ 2(=1/2) 7(1 — 5, W, ®,,) by Proposition BH O

By [1] Corollary 4.8, there exists a rational function (s, 7, ¥, ¥g) in ¢~2° such
that
(3.10) v(s, 7, 0p, 0p) Z(s, W, ®) = Z(1 — 5, W, D).

Note that in the right hand side we do not take the contragradient of W. To
extract the e-factor of 7w from our integrals, the above relation is the right form of
the local functional equation. We explain this in more detail in the remaining of
this subsection.

For an irreducible admissible representation (m, V) of G, we denote by 7 its
contragradient representation, and by 7 the representation of G on V' defined by

7(g) =7(9), g €G.

Lemma 3.11. Let w be an irreducible admissible representation of G. Then T is
isomorphic to T.

Proof. We define a Hermitian form h on E? by
h(v,w) = "oJw, v,w € E3.

Then G is just the group of isometries of (E3, h). Let § be the element in AutpE?
defined by év = v for v € E3. Then it follows from [J] p. 91 that 7 is isomorphic to
7% where 70 (g) = m(6gd1), for g € G. Since 7°(g) = 7(g), for g € G, the lemma
follows. |

We further assume 7 is generic. For W € W(w,¢g), we set
W(g) =W(g), g€ G.

By Lemma B.11] we see that W lies in W(T,v ) = W(7,v¥ ), where ¢, is the
character of U given by ¢ (u) = ¥g(u), u € U. We define another Fourier trans-
formation on C°(F?) as follows:

" (z,y) = /F2 ®(u, v)hp (yu + zv)dudv, ® € C°(F?).

We shall rewrite the right hand side of (8.I0) as a zeta integral of 7.
Lemma 3.12. For W € W(m,v¢g) and ® € C°(F?), we have
Z(s,W,®) = Z(s,W,®*).
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Proof. We claim that d(—1)®* = &. In fact, we have
(d(=1)2")(z,y) = ®*((z,y)d(-1)) = 2" (==, y)
= / ®(u, v)pp (yu — 2v)dudv = d(z,y),

for (z,y) € F2. Thus, for g € GLy(F), we obtain

z(s,d(—1)gd / (=1)®*)(0,7)|r|Hd"r

X

[ @)@ na-v)irzas

g<I> 1(0,7)|r|d™r = 2(s, g,<I>)

X

!

B!

B!

Next, we shall show that f(s,h, ®*) (s h,®) for all h € H. Suppose that

h € H is written as h = ¢(b)d(y/€)h1d(\/e ), where b € E* and hy € SLo(F).
Then we get

= tB)d(VEd(~1)hd(~1)d(Ve ).
Since d(—1)h1d(—1) lies in SLy(F') and the section f is independent of the choice
of b and hy, we have f(s,h, ®*) = |b|52(s,d(=1)hid(—1),®*) = |b|5,2(s, h1, ) =
f(s, h,®).
Haar measure dh on Uy\H satisfies dh = dh since Uy and K, g are stable
under the action of Gal(E/F’). Therefore we get

Z(s, W, @*):/ W(h)f(s, h,tb*)dh:/ W (R) f(s, h, ®*)dh
Uu\H Uu\H

= t(B)d(/Omd(Ve ) = tB)d(—v/e)hd(—/e )
1)hq
)

:/ W(h)f(s,h, @*)dh:/ W (h)f(s,h, ®)dh
Uu\H Uu\H

= Z(s, W, ®).
This is the asserted equation. (Il
Lemma [3.12) tells that the L-factor of m coincides with that of 7.

Proposition 3.13. For any irreducible generic representation w of G, we have
L(s,m) = L(s,7).

Proof. 1t follows from Lemma [3.12] that the space I, coincides with Iz. Now the
assertion is obvious. ]

3.4. e-factors. The e-factor e(s, 7, ¥ p, ¥ g) of an irreducible generic representation
7 of G is defined by

5(57 T, 1/}Fa T/JE) = FY(S’ 4B Q’ZJF’ /l/}E)L(Ll(iif)%)
Due to Proposition [3.13 we have
(3.14) e(s,mdr, Yp) = (s, ™ Q”FvwE)%
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Proposition 3.15. The e-factor e(s, 7,9 r,¥g) is a monomial in Clqg=2%,¢*] of
the form

5(57 , Q/JF7 wE) = :l:q—Zn(s—l/Q),
with some n € Z.

Proof. By definition, there exist ®; € C°(F?), additive characters g ; of E and
W; e W(m,¢g,) (1 <i<k) such that

k
Z (s, Wy, ®;)
3.16 —= =1
(3.16) 21
By the proof of [I] Lemma 4.9, there exists W/ € W(w, i) such that Z (s, W;, ®;) =
q 2miZ (s, W], ®;), for some m; € Z. From (B.I6)), we have the following expression
of the e-factor:

k —2smy /
q ZZ(SaW'a(bi)
e(svﬂ-awFawE):E(Saﬂ-awFawE) t
2 Ien)
_ Z q72smiZ(1 — S,W,L/,(i)z)
L(1—s,m) '

i=1
The second equality is a consequence of ([BI0) and (BI4). This implies that
e(s,m,¥F,¥E) is a polynomial in g2 and ¢2°.
By the above expression of the e-factor, we get

72(175)miZ(57 Wz’lv (i)’t)
L(s,m)

k
6(8?W7¢F7¢E)5(1 - 577T7¢F7¢E) = 5(577T51/}Fa77bE) Z g
=1

q72(175)miz(1 — 5, Wz/v (I)l)
L(1—s,m)

k
1=

i=1
1.

In the second equality, we use the functional equation and &, = ®;. The last equal-
ity is a consequence of ([B.I6]). Now the assertion follows by standard arguments. O

4. CONJECTURE ON NEWFORMS
We give the following conjecture on zeta integrals of newforms.

Conjecture 4.1. We fix an additive character ¥g of E with conductor og. Let
be an irreducible generic representation of G. Then there exists a newform v for
which satisfies

Z(s,W,,®n_) = L(s,m),

where N is the conductor of m and ®n_ is the characteristic function of pg“ Dop.
Here is our main theorem, which will be proved in section [6l

Theorem 4.2. Conjecture 1l holds for any irreducible generic supercuspidal rep-
resentations of G.

If Conjecture 1] is true, then we obtain a formula of the e-factors, which says
that the exponents of ¢=2¢ of the e-factors for generic representations agree with
their conductors.
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Theorem 4.3. Let ¢g and v be additive characters of E and of F with conduc-
tors op and of respectively. Assume that Conjecture 1l is true for an irreducible
generic representation m of G. Then we have

5(33 T, 1Z)F, wE) = QENW(S_l/Q)v
where Ny is the conductor of m and qg is the cardinality of the residue field of E.

Proof. By assumption, there exists a newform v for 7 such that Z(s, W,,,®y_) =
L(s,m). By Proposition B9 and the assumption, we have

Z(1—8,W,,®y,) = q N7V Z(1 - 5, W, 0p,)
— 2N g ),

So we get
L(s,m
(s, mbr,YE) = V(S’WWFWE)M
 Z(1—s,W,, ®y,) L(s,7)
- Z(s,W,,®Nn.) L(1—s,7)
— g 2= (s=1/2)
This proves the theorem. O

5. ZETA INTEGRALS OF NEWFORMS

To show Theorem [£2] let us compute zeta integrals of newforms for generic
supercuspidal representations of G. It follows from Theorem 22(iii) that generic
supercuspidal representations (m,V) of G satisfy N, > 2 and N, > n,. Thus,
we treat representations with this property in this section. In subsection Bl we
introduce the Hecke operator T on V' (n) and give its explicit description. If n = N,
then this operator is scalar and has the Hecke eigenvalue. In subsection (.2 we
consider the level lowering operator § : V(n) — V(n — 1) and give its explicit
formula when n > 2 and n > n,. Combining these results, in subsection 5.3, we get
a recursion formula of the values of the Whittaker functions associated to newforms
at diagonal matrices (Lemma[5.1T]), which gives an explicit formula of zeta integrals
of newforms in terms of Hecke eigenvalues (Proposition B12)). The results in this
section are strongly inspired by those in [I0] sections 6 and 7.

5.1. Hecke operator. From now on, we fix a non-trivial additive character ¢ g of
FE with conductor og. Put

-1
Let (m,V) be an irreducible generic representation of G and n a non-negative inte-
ger. We define the Hecke operator T on V(n) by

.
Ty = ——— w(k)vdk, v e V(n).
vol(Ky,) KnCK, ) ()
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Using the bijection K,,/K, N(K, ("t ~ K (K /Kp; k(K,NCKR (Y = kCK,, we
can write T'v as

(5.1) Tv = > 7(kC)v.

keK,/K,NCK,( 1

We set

—n

tn = 1 e K,.

Lemma 5.2. Suppose that n > 1. Then a complete set of representatives for
K,./K,NCK, (! is given by

tauly, 2v/e - y5/2) and u(a, by/e — aa/2),
where y,a € op/pE, 2 € pp /P53 " and b € pR" /pa .

Proof. Note that

2—
op PE Py "

K,NCK. (= p 149p% pe | NG.
PE PE op
Set
op Op pp "
K'=1| pk 14+9p% op NG.
PE PR 0p

Clearly, the following two claims assert the lemma:

(i) A complete set of representatives for K,, /K’ is given by the g + 1 elements
t,, and u(0, z\/€), where = € po" /pp "
(i) We can take a complete set of representatives for K'/K,, N (K,(™! as the
¢* elements u(y, z/€ — y7/2), where y € op/pg, z € pp " /p3 ™.
We shall prove these claims. It is obvious that elements in (i) and (ii) belong to
pairwise distinct cosets in K,,/K’ and K'/K, N (K,(™! respectively.

(i) We denote by g;; the (4, j)-entry of g € M3(E). Let k € K,,. If k33 € pg, then
we get t,k € K’, and hence k € t, K’. Suppose that k33 € 0. Since k lies in G, k
satisfies J'kJk = e (see subsection Z.1). Comparing (1, 3)-entries of this equation,
we have kiskss + koskos + ksskis = 0. We note that ki3 € pg" and kog, k33 € op
because k € K,,. Since kiskss € py" satisfies k1skas + ksskis = —koskas € 0p, one
has ki3kss € op @ pp"v/e. By the assumption k33 € 05, we have kszkss € 05, and
hence k13k§31 = (kszks3) ‘kizksz € op @ pr"v/€. Thus there exists € pp" such
that k13k;3_31 —x+/€ € op. Using the assumption again, we get k13 — x+/cks3z € op C
pp ™. This implies u(0, —2\/€)k € K’, so that k € u(0, z/€)K".

(ii) If n = 1, then K’ lies in the standard Iwahori subgroup of G. One can
see that K’ has an Iwahori decomposition K’ = (K’ N U)(K'NT)(K' N U). The
assertion follows because (K’ NU)(K'NT) € K, NCK ¢t

Suppose that n > 2. For k € K', we set y = k;;klg. Then y lies in og. Since
detk € E' and detk = kq1ks3 (mod pg), the element k33 must belong to 05 As
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in the proof of (i), we can take z € p 7" such that ki3 — 2v/ekss € op C szfn.
Then one can easily check that k belongs to u(y, z2v/€ — y75/2) (K, N(K,¢(~1). This
completes the proof. |

Lemma gives an explicit description of the Hecke operator T. For v € V(n),
we set

(5.3) V=Y > wlaly, zve — yy/2))v.
yepy '/ zEpy t/ph
Then we get the following lemma.

Lemma 5.4. Suppose that n > 1. Then we have

Tv=n(("H + Z Z (u(a, by/e — aa/2)¢)v,

a€op/PE bep L™ /p3
forv e V(n).
Proof. By (61) and Lemma 52, we obtain

Tv = Z 7 (tnuly, 2v/€ — yy/2)¢)v + Z 7(u(a, by/e — aa/2)¢)v.

YyEoE/PE aCop/PE
zep}; 7L/pi_‘ n bep;"/p% n

Here we note that ¢, € K, so 7(t,)v = v, and use (t,, = t,_; and
tn1u(y, 2v/€ = yg/2)tn—1 = W(—w" 'Y, w2 (2Ve — y/2)),
then
m(tpuly, 2v/e = y5/2) v = 7(¢Hm(Ctnuly, 2v/€ — y7/2)Ctn)v
= (T r(a(—=" "y, @ (2Ve — ¥y /2)))v.
Hence we get
S nltauly. 2ve - ym/2)0)0

YEOE/PE
z€p /Py "

=r(¢) Y. w(a(—=" g, @ (2VeE — yg/2))
o5 /PE
cep

:W(C_l)vl7
which completes the proof. O

We shall consider the case when n = N,. Because V(N,) is one-dimensional,
there exists A € C such that Tv = Mv for all v € V(N;). We call A the Hecke
eigenvalue of T. For a newform v in V(N;), we put

(5.5) ci = Wy(Ch), s =Wy (¢, i€ Z.
Then we obtain the following lemma.
Lemma 5.6. Suppose that N, > 1. Then we have

e; =¢i +qtcip1, i>0.
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Proof. Set n = N,. Taking the Whittaker function of \v = T, we have AW, ((?) =
Wro(¢?), i > 0. By Lemma[5.4] we obtain

Wro(¢') = Wo (¢ 4+ Y7 Wil¢lula, bve — aa/2)q).
aC€op/PE
bef;"/np";"

Observe that
Cula, by/e — aa/2)¢ = Cula, b/e — aa/2)¢ ¢
= u(w'a, w? (byv/e — a@/2)) ¢
Thus, we get
W, (¢u(a, bye — aa/2)¢) = W, (u(w'a, w™ (by/e — a@/2))¢")
= Yp(@'a)W, (¢ = W, (¢,

for a € og and 7 > 0 because we assume that g has conductor og. Consequently,
we obtain

)‘Wv(ci) = Wv’(gi_l) + q4Wv(§i+1)a
for ¢ > 0. This proves the lemma. |
5.2. Level lowering operator. Let (7, V') be an irreducible generic representation
of G and let n be an integer greater than n,. Then Z, 1 acts on V trivially, and
hence every vector in V'(n) is fixed by Z,,_1 K,,. We define the level lowering operator
0:V(n) = V(n-1) by
1
ov = / w(k)vdk, v e V(n).
VOl(Kn_l n (Zn—lKn)) Kn_1 ( ) ( )

By the assumption n > n,, we can write dv as

(5.7) v = Z m(k)v, v e V(n).

Kn 1/Kn-1N(Zn-1Kn)

Lemma 5.8. Suppose that n > 2. Then a complete set of representatives for
Kn1/Kn-1N(Zy-1Ky) is given by

tn_ 10y, —yy/2) and d(a,by/e — aa/2),
where y,a € Pl /pl and b € plEt /pl.

Proof. The proof is quite similar to that of Lemma One can easily check that

1—n
OE 0 PE
anl N (anlKn) = p% 1+ pzfl op nG.
PE PE 0B
We set )
OF OF pEin
K'=| pp' 1+ppt op |NG.
P Pyt op

Then it suffices to show the following two claims:

(i) We can take a complete set of representatives for K, _1/K" as the ¢ + 1
elements t,,_; and @(0, x+/€), where x € p ' /p%.

(ii) A complete set of representatives for K" /K, _1N(Z,-1K,) is given by the
q? elements @(y, —y7/2), where y € p%ﬁl/p%.
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We shall prove these claims. Clearly, the elements in (i) and (ii) are contained in
pairwise disjoint cosets in K, _1/K"” and K" /K, _1 N (Z,_1K,) respectively.

(i) Let k € Kj,—1. If k11 € pg, then we have t,,_1k € K”. Sowe get k € t,_1K".
Suppose that ki1 € oE Since k lies in G, one has J'kJk = e. Comparing (3, 1)-
entries, we have ki1ksy + korkoy + k31k11 = 0. This implies ky1ksy + ks1kip =
—korkoy € p and hence ks k11 € p @p’} 1f By the assumption k11 € oE,
we have kglkll = (k11k11) Yksiky € p 2 P L/e. So there exists z € P
such that ks ku —z\/e € p2” 2. Using the assumption again, we get k31 —x\/ekyy €
p2=2 C p’. This implies k € ﬁ(O,x\/E)K”.

(i) Let kK € K”. Then detk lies in E' and is equivalent to k11k33 modulo pg.
Since k11, ks3 € op, we have ki1 € 0. Set y = kﬁlkgl. Then y lies in pil. One
can easily check that k belongs to @(y, —yy/2)(Kn—1 N (Zn—1Ky)). This completes
the proof. |

By Lemma 5.8 we get an explicit formula of the level lowering operator 4.

Lemma 5.9. Suppose that n > 2 and n > n,. Then we have
v=v'+ > w(Culy, —yy/2)),
yePL' /op
forveV(n).
Proof. Due to (7)) and Lemma [5.8 we get
dv = Z m(t(a,bye — aa/2))v + Z 7 (tn—10(y, —yy/2))v.

acpy /p yepy /ph
bepp /o

Here the first sum is equal to v by (&.3]). For the second sum, we use t,_1 = (t,, and
tnt(y, —yy/2)tn = u(—w "y, —w2"yy/2). Noting that 7(t,)v = v, for v € V(n),
we obtain

7 (tn—10(y, —y7/2))v = (Ctaa(y, —yg/2)tn)v = 7(Cu(~w g, —~w *"yg/2))v,
so that

Yo wltaadly,—yy/2w = Y w(Cul-w "y, —w yy/2)

yery ' /ph yery ' /ph
= > w(Culy, —yy/2)v.
yEPS /0B
This completes the proof. O

We consider the level lowering operator for n = N. Since V(N, —1) = {0} we
have év = 0 for all v € V(N,). For a newform v in V( =), we set ¢; and ¢} as in
(E3). Then we get another relation between ¢; and ¢}.

Lemma 5.10. Suppose that Ny > 2 and N, > n,. Then we have
¢+ qPciy1 =0, i >0,

A
c_;=0.
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Proof. By Lemma [5.9 and dv = 0, we have

0=Ws(¢)=Wu()+ > W uly, —y7/2)),

yEpy'/om

for i € Z. Note that C“‘lu(y, —yy/2)¢ 1 zlu(w‘”ly, —w2i+?yy/2), and hence
W (¢ uly, —y5/2)) = Wo (¢ uly, —yg/2)¢ ¢ = (@™ y) W, (CF). So

we obtain
0=Wy () + W) Y @),
yEPL' /oE
for i € Z. Now the lemma follows from the assumption that g has conductor

ogp. U

5.3. Zeta integrals of newforms. Let (7, V) be an irreducible generic represen-
tation of G such that N, > 2 and N, > n,. For v € V(N,), we set

ci=Wy(("), i € Z.
Then we get a recursion formula for {c;}icz.
Lemma 5.11. Suppose that Ny > 2 and N, > n,. Then we have
A+ ¢%)e = q*cipr, i > 1,
Aeo = ¢rer.
Proof. The assertion follows from Lemmas and B.100 a

Now we get an explicit formula of zeta integrals of newforms in terms of Hecke
eigenvalues.

Proposition 5.12. Suppose that an irreducible generic representation (m,V)of G
satisfies Ny > 2 and N; > n,. Then we have
1— q—2s
A+q®
1— 5 q 2s
q

Z(s,W,) = W, (e),

forv e V(N.), where X\ is the eigenvalue of the Hecke operator T on V(Ny).
Proof. Since v is fixed by t(b), b € 0, we get W, (t(a)) = W, (¢*2@), for a € EX,

where vg is the valuation on E normalized so that vg(w) = 1. Proposition [Z4)i)
says that W, (¢*) = 0 for all i < 0. So we have

(s, Wy) / W (t(a))laly 1dXOL—ZVV Zc g9,
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By Lemma 511l we obtain ¢;41 = (’\+q )i 400, for 7 > 0, and hence

A2 A+ o
(S W ) — CO +CO—42 (—+4q > q2(7‘+1)(175)

q i—0 q
A oA\
:CO+CO_2q 232( . qQ'Ls
q —~\ q
1
—2s
= o+ Cco—5¢q
2 1— /\ + q2 —2s
¢
Co(l _ q—ZS)
1— )‘ + q2 —2s
¢
This shows the proposition. O

6. PROOF OF THEOREM

Now we shall prove Theorem Let (m, V) be an irreducible generic super-
cuspidal representation of G. By Theorem [2.2((iii), we can apply Proposition
to newforms for 7. Due to Proposition 2:4(ii), we can take v € V(N ) such that
W,(e) = 1. For such v, we have

1— q725

A+ ¢? '
1 _ +2q q72s
q

Z(s,W,) =

It follows from the proof of Proposition B.6that Z(s, W,,) is a polynomial in ¢~2* and
25 Therefore we must have Z(s,W,) = 1 — ¢~ 2% or 1, and hence Z(s, W, ®y_) =
Z(s,Wy)LE(s,1) =1 or Lg(s,1) by Proposition B35l
Suppose that Z(s, W,,®x_) # L(s, 7). Then by Proposition B:6] we must have
Z($,Wy,®n.) =1 and L(s,7) = Lg(s,1). Thus, the functional equation

Z(1—5,W,,®n.) Z(5, Wy, ®x.)
L(l — S,ﬂ') 6(577T7¢F7¢E) L(S,TF)
implies
1 1
—2N,(s—1/2)
1 LE(l —o1) S mYRYE) T

because of Proposition B9 This contradicts Proposition B.I5, which states that
e(s,m,Yp,Yp) is monomial. We therefore conclude that Z(s, W,, ®n_) = L(s, 7).
This completes the proof of Theorem
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